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Introduction

•
C

onsider
a

gam
e

leading
to

N
ash

equilibria
w

ith
a

very
large

num
ber

N
of

rationalagents
(or

players).
T

he
players

have
a

lim
ited

global
inform

ation
on

the
gam

e.

•
In

sym
m

etric
situations,L

asry
and

L
ions

have
m

ade
a

theory
allow

ing

for
passing

to
the

lim
it

w
hen

N
→
∞

.
T

hey
have

introduced,partially
justified

and
analyzed

m
odels

of
m

ean
field

gam
es.

A
nalogy

w
ith

statisticalphysics
and

m
echanics.

•
N

ew
system

s
of

P
D

E
s

w
ith

uniqueness,stability...
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A
pplications

•
E

conom
ics

–
E

conom
icalequilibrium

w
ith

anticipation.

–
E

xam
ple:

E
conom

ic
m

odels
for

the
behaviour

of
custom

ers
in

front

of
a

technologicalbreakthrough,for
instance

heatinsulation
of

houses.
(L

achapelle,Salom
on,T

urinici).

•
Finance

–
Self-consistentm

odels
for

volatility

–
Price

form
ation

2



I.A
short

review

3



M
ean

field
gam

es:
infinite

horizon

T
he

m
ean

field
gam

e
system

ofP
D

E
:

Find
u
∈
C

2(
T

),m
∈
W

1
,p(

T
)

and
λ
∈

R
s.t.

−
ν
∆
u

+
H

(x
,∇
u
)
+
λ

=
V

[m
],

−
ν
∆
m
−

d
iv (

m
∂
H∂
p

(x
,∇
u
) )

=
0,

∫

T

u
d
x

=
0,

∫

T

m
d
x

=
1,

and
m
>

0
in

T
.

(∗)

•
T

unittorus
of

R
d

•
ν
>

0

•
H

is
aC

1
H

am
iltonian

(convex):

H
(x
,p

)
=

su
p

α
∈

R
d

(p·α
−
L

(x
,α

))
,

w
ith

lim
|α
|→
∞

in
fx

L
(x
,α

)

|α|
=

+
∞
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•
V

is
an

operator
from

the
space

of
probability

m
easures

on
T

into
a

bounded
set

of
L

ipschitz
functions

on
T

such
that

V
[m

n
]converges

uniform
ly

on
T

to
V

[m
]if

m
n

w
eakly

converges
to
m

.

Typicalexam
ples

for
V

include
nonlocalsm

oothing
operators.

•
L

ocaloperators

V
[m

](x
)

=
f
(m

(x
),x

)

m
ay

be
considered

as
w

ell.
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(∗)
has

been
obtained

by
J-M

.L
asry

and
P-L

.L
ions

by
passing

to
the

lim
it

in
stochastic

differentialgam
es

involving
a

very
large

num
ber

N
of

identicalrationalagents
(or

players)
w

ith
a

(lim
ited)

globalinform
ation

•
D

ynam
ics:

d
X

it
=
√

2ν
d
W

it −
α

id
t,

X
i0
=
x

i∈
R

d

For
sim

plicity,the
control

α
i

is
adapted

to
W

it .

•
C

ost:

J
i(α

1
,...,α

N
)
=

lim
in

f
T
→
∞

1T
E

0@

Z

T

0

0@

L
(X

it ,α
it )

+
V

24

1

N
−

1

Xj
6=

i

δ
X

jt

35

(X
it )

1A

d
t

1A

•
(ᾱ

1,...,ᾱ
N

)
is

a
N

ash
pointif

∀
i
=

1,...,N
,

ᾱ
i
=

A
rgm

in
α

i

J
i(ᾱ

1,...,ᾱ
i−

1,α
i,ᾱ

i+
1,...,ᾱ

N
).
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•
Structure

assum
ption

on
H

:
there

exists
θ
∈

(0,1)
such

thatfor|p|
large,

in
f

x
∈

T (
∂
H∂
x
·
p

+
θd
ν
H

2 )
>

0

•
T

hanks
to

ergodicity,there
is

a
system

of
2N

PD
E

s

–
N

ergodic
H

JB
equations

–
N

K
olm

ogorov
equations

for
the

stationary
m

easures
of

(X
it )

i

w
hose

solutions
yield

N
ash

equilibria.

•
N
→
∞

,pass
to

the
lim

itand
obtain

(*).
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for
all

i,1
≤

i
≤

N
,

8>>>>>>>>><>>>>>>>>>:

−
ν
∆

v
i
+

H
(x

,∇
v

i )
+

λ
i
=

Z

T
N
−

1

V

24

1

N
−

1

Xj
6=

i

δ
x

j

35

(x
i )

Yj
6=

i

m
j (x

j)d
x

j,

−
ν
∆

m
i
−

d
iv

„

m
i
∂
H∂
p

(x
,∇

v
i )

«

=
0
,

Z

T

v
i d

x
=

0
,

Z

T

m
i d

x
=

1
and

m
i
>

0
in

T
.

T
he

feedback
ᾱ

i(·)
=

∂
H∂
p

(·,∇
v

i (·))
yields

a
N

ash
point

λ
i
=

J
i(ᾱ

1
,...,ᾱ

N
).
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U
niqueness

for
the

m
ean

field
problem

B
y

contrastw
ith

the
system

of
PD

E
s

for
N

players,the
m

ean
field

system

(*)
is

w
ellposed

under
som

e
assum

ptions:

T
heorem

(L
asry-L

ions)
If
V

is
strictly

m
onotone,i.e.

∫

T

(V
[m

1 ]−
V

[m
2 ])(m

1 −
m

2 )d
x
≤

0
⇒
m

1
=
m

2 ,

then
the

solution
of

the
m

ean
field

system
(*)

is
unique.

R
em

ark
T

he
econom

icalinterpretation
of

this
assum

ption
on
V

is:
any

given
player

does
notlike

to
have

the
sam

e
policy

as
other

players
(there

is

no
fashion

phenom
enon)

9



P
roof

C
onsider

tw
o

solutions
of

(*):
(λ

1 ,u
1 ,m

1 )
and

(λ
2 ,u

2 ,m
2 ):

•
m

ultiply
the

firstequation
by
m

1 −
m

2

∫

T (
ν∇

(u
1 −

u
2 )·∇

(m
1 −

m
2 )

+
(H

(x
,∇
u

1 )−
H

(x
,∇
u

2 ))(m
1 −

m
2 ) )

d
x

=

∫

T

(V
[m

1 ]−
V

[m
2 ])(m

1 −
m

2 )d
x

•
m

ultiply
the

second
equation

by
u

1 −
u

2

0
=

∫

T

ν∇
(u

1 −
u

2 )·∇
(m

1 −
m

2 )d
x

+

∫

T (
m

1
∂
H∂
p

(x
,∇
u

1 )−
m

2
∂
H∂
p

(x
,∇
u

2 ) )
·∇

(u
1 −

u
2 )d

x
.
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•
subtract:

0
=

8>>>>><>>>>>:

Z

T

m
1

„

H
(x

,∇
u

1 )
−

H
(x

,∇
u

2 )
−

∂
H∂
p

(x
,∇

u
1 )
·
∇

(u
1
−

u
2 )

«

d
x

+

Z

T

m
2

„

H
(x

,∇
u

2 )
−

H
(x

,∇
u

1 )
−

∂
H∂
p

(x
,∇

u
2 )
·
∇

(u
2
−

u
1 )

«

d
x

+

Z

T

(V
[m

1 ]
−

V
[m

2 ])(m
1
−

m
2 )d

x

Since
H

is
convex

and
V

is
m

onotone,the
3

term
s

vanish.

T
he

strictm
onotonicity

of
V

im
plies

that
m

1
=
m

2 .

T
he

identities
u

1
=
u

2
and

λ
1

=
λ

2
com

e
from

the
uniqueness

for
the

H
JB

equation:

−
ν
∆
u

+
H

(x
,∇
u
)
+
λ

=
f

w
ith

∫

T

u
=

0.
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F
inite

horizon
N

ash
equilibrium

w
ith

N
players

T
he
N

players
initialconditions

are
random

,independent,w
ith

the
sam

e
probability

distribution
m

0.
C

ostof
the

player
i

attim
e
t:

E

0@

Z

T

t

0@

L
(X

is ,α
is )

+
V

24

1

N
−

1

Xj
6=

i

δ
X

js

35

(X
is )

1A

d
s

+
V

0

24

1

N
−

1

Xj
6=

i

δ
X

jT

35

(X
iT
)

1A

N
→
∞

:w
ith

the
change

of
variable

t→
T
−
t,



∂
u∂
t
−
ν
∆
u

+
H

(x
,∇
u
)

=
V

[m
],

∂
m∂
t

+
ν
∆
m

+
d
iv (

m
∂
H∂
p

(x
,∇
u
) )

=
0,

∫

T

m
d
x

=
1,

and
m
>

0
in

T
,

u
(t

=
0)

=
V

0 [m
(t

=
0)],

m
(t

=
T

)
=
m
◦ .

(∗∗)
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E
xistence

for
(**)

(L
asry-L

ions)
If

•
sam

e
kind

of
assum

ptions
on
V

and
V

0
as

in
the

stationary
case

(V
and

V
0

are
nonlocalsm

oothing
operators).

•
H

is
sm

ooth
on

T
×

R
d

and
∣∣
∂

H∂
x

(x
,p

) ∣∣≤
C

(1
+
|p|)

then
(**)

has
atleasta

sm
ooth

solution.

U
niqueness

for
(**)

(L
asry-L

ions)
If

the
operators

V
and

V
0

are
strictly

m
onotone,i.e.

∫

T

(V
[m

]−
V

[m̃
])(m

−
m̃

)≤
0
⇒
V

[m
]
=
V

[m̃
],

∫

T

(V
0 [m

]−
V

0 [m̃
])(m

−
m̃

)≤
0
⇒
V

0 [m
]
=
V

0 [m̃
],

then
(**)

has
atm

osta
solution.
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II.F
inite

H
orizon:

A
num

ericalm
ethod
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Take
d

=
2:

∂
u∂
t
−
ν
∆
u

+
H

(x
,∇
u
)

=
V

[m
],

∂
m∂
t

+
ν
∆
m

+
d
iv (

m
∂
H∂
p

(x
,∇
u
) )

=
0,

∫

T

m
d
x

=
1,

m
>

0
in

T
,

u
(t

=
0)

=
V

0 [m
(t

=
0)],

m
(t

=
T

)
=
m
◦ .

(∗∗)

•
L

et
T

h
be

a
uniform

grid
on

the
torus

w
ith

m
esh

step
h

,and
x

ij
be

a

generic
pointin

T
h .

•
U

niform
tim

e
grid:

∆
t
=
T
/N

T
,t

n
=
n
∆
t.

•
T

he
values

of
u

and
m

at
(x

i,j ,t
n
)

are
approxim

ated
by
U

ni,j
and

M
ni,j .

15



G
oal:

propose
a

fully
im

plicit
schem

e,robust
w

hen
ν
→

0,w
hich

guarantees
existence,and

possibly
uniform

bounds
and

uniqueness.

N
otation:

•
T

he
discrete

L
aplace

operator:

(∆
h
W

)
i,j

=
−

1h
2
(4W

i,j −
W

i+
1
,j −

W
i−

1
,j −

W
i,j

+
1 −

W
i,j
−

1 ).

•
R

ight-sided
finite

difference
form

ulas
for

∂
1 w

(x
i,j )

and
∂
2 w

(x
i,j ):

(D
+1
W

)
i,j

=
W

i+
1
,j −

W
i,j

h
,

and
(D

+2
W

)
i,j

=
W

i,j
+

1 −
W

i,j

h
.

•
T

he
setof

4
finite

difference
form

ulas
at
x

i,j :

[D
h
W

]i,j
=

(
(D

+1
W

)
i,j ,(D

+1
W

)
i−

1
,j ,(D

+2
W

)
i,j ,(D

+2
W

)
i,j
−

1 )
.
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D
iscrete

H
JB

equation∂
u∂
t
−
ν
∆
u

+
H

(x
,∇
u
)

=
V

[m
]

↓
U

n
+

1
i,j

−
U

ni,j

∆
t

−
ν
(∆

h
U

n
+

1)
i,j

+
g
(x

i,j ,[D
h
U

n
+

1]i,j )
=

(V
h
[M

n
+

1] )
i,j

w
here

•
g
(x

i,j ,[D
h
U

n
+

1]i,j )

=
g

“

x
i,j ,(D

+1
U

n
+

1)
i,j ,(D

+1
U

n
+

1)
i−

1
,j ,(D

+2
U

n
+

1)
i,j ,(D

+2
U

n
+

1)
i,j
−

1

”

,

•
for

instance,
(V

h
[M

])
i,j

=
V

[m
h
](x

i,j ),

calling
m

h
the

piecew
ise

constantfunction
on

T
taking

the
value

M
i,j

in
the

square|x
−
x

i,j |∞
≤
h
/2.17



C
lassicalassum

ptions
on

the
discrete

H
am

iltonian
g

(q
1 ,q

2 ,q
3 ,q

4 )→
g

(x
,q

1 ,q
2 ,q

3 ,q
4 )
.

•
M

onotonicity:
g

is
nonincreasing

w
ith

respectto
q
1

and
q
3

and
nondecreasing

w
ith

respectto
to
q
2

and
q
4 .

•
C

onsistency:

g
(x
,q

1 ,q
1 ,q

3 ,q
3 )

=
H

(x
,q),

∀
x
∈

T
,∀
q

=
(q

1 ,q
3 )∈

R
2.

•
D

ifferentiability:
g

is
of

classC
1,and

∣∣∣∣ ∂
g

∂
x (
x
,(q

1 ,q
2 ,q

3 ,q
4 ) ) ∣∣∣∣ ≤

C
(1

+
|q

1 |+
|q

2 |+
|q

3 |+
|q

4 |).

•
C

onvexity:
(q

1 ,q
2 ,q

3 ,q
4 )→

g
(x
,q

1 ,q
2 ,q

3 ,q
4 )

is
convex.

18



T
he

discrete
version

of

∂
m∂
t

+
ν
∆
m

+
d
iv (

m
∂
H∂
p

(x
,∇
v
) )

=
0.

(†)

Itis
chosen

so
that

•
each

tim
e

step
leads

to
a

linear
system

for
M

n
w

ith
a

m
atrix

–
w

hose
diagonalcoefficients

are
negative,

–
w

hose
off-diagonalcoefficients

are
nonnegative,

in
order

to
hopefully

use
som

e
discrete

m
axim

um
principle.

•
T

he
argum

entfor
uniqueness

should
hold

in
the

discrete
case,so

the
discrete

H
am

iltonian
g

should
be

used
for

(†)
as

w
ell.
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P
rinciple:

D
iscretize

−
∫

T

d
iv (

m
∂
H∂
p

(x
,∇
u
) )
w

=

∫

T

m
∂
H∂
p

(x
,∇
u
)·∇

w

by
h

2 ∑i,j

M
i,j ∇

q g
(x

i,j ,[D
h
U

]i,j )·[D
h
W

]i,j .

R
esulting

schem
e:

1∆
t

`

M
n
+

1

i,j
−

M
ni,j

´

+
ν
(∆

h
M

n
)
i,j

+
1h

0B@

M
ni,j

∂
g

∂
q
1

(x
i,j ,[D

h
U

n
]i,j )

−
M

ni−
1
,j

∂
g

∂
q
1

(x
i−

1
,j ,[D

h
U

n
]i−

1
,j )

+
M

ni
+

1
,j

∂
g

∂
q
2

(x
i
+

1
,j ,[D

h
U

n
]i

+
1
,j )

−
M

ni,j
∂
g

∂
q
2

(x
i,j ,[D

h
U

n
]i,j )

1CA

−
1h

0B@

M
ni,j

∂
g

∂
q
3

(x
i,j ,[D

h
U

n
]i,j )

−
M

ni,j
−

1

∂
g

∂
q
3

(x
i,j
−

1
,[D

h
U

n
]i,j
−

1 )

+
M

ni,j
+

1

∂
g

∂
q
4

(x
i,j

+
1
,[D

h
U

n
]i,j

+
1 )
−

M
ni,j

∂
g

∂
q
4

(x
i,j ,[D

h
U

n
]i,j )

1CA

9>>>>>>>>>>>>=>>>>>>>>>>>>;

=
0
,

20



C
lassicaldiscrete

H
am

iltonians
g

can
be

chosen.

For
exam

ple,if
the

H
am

iltonian
is

of
the

form

H
(x
,∇
u
)
=
ψ

(x
,|∇

u|),

a
possible

choice
is

the
G

odunov
schem

e

g
(x
,q

1 ,q
2 ,q

3 ,q
4 )

=

ψ
(
x
, √

m
in

(q
1 ,0)

2
+

m
ax

(q
2 ,0)

2
+

m
in

(q
3 ,0)

2
+

m
ax

(q
4 ,0)

2 )
.

If
ψ

(x
,w

)
is

convex
and

nondecreasing
w

.r.t.
w

,then
g

is
a

convex
function

of
(q

1 ,q
2 ,q

3 ,q
4 );

g
is

nonincreasing
w

.r.t.
q
1

and
q
3

and
nondecreasing

w
.r.t.

q
2

and
q
4 .

Finally,itcan
be

proven
thatthe

globalschem
e

is
consistentif

H
is

sm
ooth

enough.
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E
xistence

and
estim

ates
for

the
discrete

problem

T
heorem

A
ssum

e
that

M
N

T
≥

0
and

that
h

2 ∑
i,j
M

N
T

i,j
=

1.U
nder

the
assum

ptions
above

on
V

,V
0

and
g,the

discrete
problem

has
a

solution
and

there
is

a
L

ipschitz
estim

ate
on

U
nh

uniform
in
n

,
h

and
∆
t.

Strategy
of

proof

K
=


(M

i,j )
0
≤

i,j
<

N
:
h

2 ∑i,j

M
i,j

=
1,M

i,j ≥
0 

.

A
pply

B
rouw

er
fixed

pointtheorem
to

a
w

ellchosen
m

apping

χ
:

K
N

T
−→

K
N

T
,

(M
n
)
n
→

(U
n
)
n
→

(M
n
)
n
.

22



U
niqueness

T
heorem

Sam
e

assum
ptions

as
above

on
V

,V
0 ,H

and
g.A

ssum
e

also
that

the
operators

V
h

and
V

0
,h

are
strictly

m
onotone,i.e.

(
V

h
[M

]−
V

h
[M̃

],M
−
M̃

)
2 ≤

0
⇒

V
h
[M

]
=
V

h
[M̃

],
(
V

0
,h

[M
]−

V
0
,h

[M̃
],M

−
M̃

)
2 ≤

0
⇒

V
0
,h

[M
]
=
V

0
,h

[M̃
].

T
hen

the
discrete

problem
(slightly

m
odified)

has
a

unique
solution.

P
roof

T
he

choice
of

the
schem

e
m

akes
itpossible

to
m

im
ic

the
proof

used

in
the

continuous
case:

uses
the

convexity
assum

ption
on
g.
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III.Infinite
H

orizon:
A

num
ericalm

ethod

24



8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

−
ν
(∆

h
U

)
i,j

+
g
(x

i,j ,[D
h
U

]i,j )
+

λ
=

(V
h
[M

])
i,j

,
0BBBBBBBBBBB@

−
ν
(∆

h
M

)
i,j

−
1h

0B@

M
i,j

∂
g

∂
q
1

(x
i,j ,[D

h
U

]i,j )
−

M
i−

1
,j

∂
g

∂
q
1

(x
i−

1
,j ,[D

h
U

]i−
1
,j )

+
M

i
+

1
,j

∂
g

∂
q
2

(x
i
+

1
,j ,[D

h
U

]i
+

1
,j )

−
M

i,j
∂
g

∂
q
2

(x
i,j ,[D

h
U

]i,j )

1CA

−
1h

0B@

M
i,j

∂
g

∂
q
3

(x
i,j ,[D

h
U

]i,j )
−

M
i,j
−

1

∂
g

∂
q
3

(x
i,j
−

1
,[D

h
U

]i,j
−

1 )

+
M

i,j
+

1

∂
g

∂
q
4

(x
i,j

+
1
,[D

h
U

]i,j
+

1 )
−

M
i,j

∂
g

∂
q
4

(x
i,j ,[D

h
U

]i,j )

1CA

1CCCCCCCCCCCA

=
0
,

M
i,j
≥

0
,

and

h
2 ∑i,j

M
i,j

=
1,

and
∑i,j

U
i,j

=
0.
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E
xistence

for
the

discrete
problem

:
strategy

of
proof

•
U

se
B

rouw
er

fixed
pointtheorem

in
the

setK
of

discrete
probability

m
easures

for
a

m
apping

χ
:

M
→
U
→
M

.

•
T

he
m

ap
Φ

:
M

→
U

consists
of

solving


−
ν
(∆

h
U

)
i,j

+
g
(x

i,j ,[D
h
U

]i,j )
+
λ

=
(V

h
[M

])
i,j
,

∑
i,j
U

i,j
=

0

•
(U
,λ

)
is

obtained
by

considering
the

ergodic
approxim

ation:

−
ν
(∆

h
U

(ρ
))

i,j
+
g
(x

i,j ,[D
h
U

(ρ
)]i,j )

+
ρ
U

(ρ
)

i,j
=

(V
h
[M

])
i,j
,

and
passing

to
the

lim
itas

ρ
→

0.

•
W

e
need

H
ölder

or
L

ipschitz
estim

ates
on
U

(ρ
)−

U
(ρ

)
0
,0

uniform
in
ρ

and
h

.
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D
ifficulty

T
he

proof
of

existence
for

the
continuous

problem
used

the
estim

ate

‖∇
u‖
∞
≤
C

,w
hich

w
as

obtained
w

ith
the

B
ernstein

m
ethod

and
the

assum
ption:

there
exists

θ
∈

(0,1)
such

thatfor|p|large,

in
f

x
∈

T (
∂
H∂
x
·p

+
θ2ν
H

2 )
>

0.

D
iscrete

case:
this

argum
entseem

s
difficultto

reproduce.

W
e

had
to

m
ake

m
ore

restrictive
assum

ptions
on
H

and
g

to
obtain

bounds

on‖D
h
u‖
∞

uniform
in
h

.

27



A
ssum

ptions
on

the
H

am
iltonian

H
(x
,p

)
=

m
ax

α
∈
A (

p·α
−
L

(x
,α

) )
,

w
here

•
A

is
a

com
pactsubsetof

R
2,

•
L

is
aC

0
function

on
T
×
A

,

For
the

discrete
H

am
iltonian

g
(x
,q)

•
m

onotonicity,consistency.

•
continuous

w
ith

respectto
x

,C
1

w
ith

respectto
q

•
sublinear

w
ith

respectto
q,

•
there

exists
g
∞

:
R

4→
R

m
onotonous

and
sublinear

s.t.
lim

ε→
0
su

p
x ∣∣εg

(x
,

qε )−
g
∞

(q) ∣∣
=

0.
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E
xistence

and
uniqueness

for
the

stationary
problem

T
heorem

U
nder

the
above

assum
ptions

on
V

and
g, the

discrete
stationary

problem
has

atleasta
solution. T

here
is

a
uniform

H
ölder

estim
ate

on
u

h .

W
ith

stronger
assum

ptions
on

the
continuous

and
discrete

H
am

iltonians,

uniform
L

ipschitz
estim

ates
(using

the
recenttheory

of
K

rylov).

U
niqueness:

O
k

if
(
V

h
[M

]−
V

h
[M̃

],M
−
M̃

)
2 ≤

0
⇒
M

=
M̃
.

R
em

ark
E

xistence
is

stillO
K

if
for

γ
>

1,

g
(x
,q

1 ,q
2 ,q

3 ,q
4 )≥

α
((q

1 )
2−

+
(q

2 )
2+

+
(q

3 )
2−

+
(q

4 )
2+
)
γ
/
2−

C
,

butno
bounds

on
u

h
uniform

in
h

.
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C
onvergence

T
he

sam
e

m
ethod

used
for

uniqueness
can

be
used

for
proving

convergence

of
the

discrete
schem

e
under

som
e

assum
ptions

on
consistency

and
stronger

assum
ptions

on
V

h .

E
xam

ple
If

there
exist

s
>

0
such

that

h
2 (
V

h
[M

]−
V

h
[ M̃

],M
−
M̃

)
2 ≥

c‖V
h
[M

]−
V

h
[ M̃

]‖
s∞
,

then
uniform

convergence
for

u
,convergence

of
λ

and
a

convergence

related
to
V

for
m

.

U
ses

the
H

ölder
or

L
ipschitz

estim
ates

on
U

h
uniform

w
.r.t.

h
.
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IV.Infinite
H

orizon:
long

tim
e

approxim
ation
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L
ong

tim
e

approxim
ation

(E
ductive

strategy,see
G

uéant-L
asry)



∂
ũ∂
t
−
ν
∆
ũ

+
H

(x
,∇
ũ
)

=
V

[m̃
],

∂
m̃∂
t
−
ν
∆
m̃
−

d
iv (

m̃
∂
H∂
p

(x
,∇
ũ
) )

=
0,

ũ
(0,x

)
=
ũ

0 (x
),

m̃
(0,x

)
=

m̃
0 (x

),

w
ith

∫
T
m̃

0
=

1
and

m̃
0 ≥

0.
W

e
expectthat

lim
t→

∞
(ũ

(t,x
)−

λ
t)

=
u
(x

),
lim

t→
∞
m̃

(t,x
)

=
m

(x
),

Sam
e

thing
atthe

discrete
level.

W
e

use
a

sem
i-im

plicitlinearized
schem

e.
Itrequires

the
num

ericalsolution
of

a
linearized

problem
.

L
inearizing

m
ustbe

done
carefully

and
is

not
alw

ays
possible.In

such
cases,an

explicitm
ethod

can
be

used.
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ν
=

1,
H

(x
,p

)
=

sin
(2π

x
2 )

+
sin

(2π
x

1 )
+

cos(4π
x

1 )
+
|p| 2,

F
(x
,m

)
=
m
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6
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8
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2
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2
.
4
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2
.
6

 
 
 
 
-
2
.
8

"
H
(
x
,
0
)
"

H
(x
,0)

=
sin

(2π
x

2 )
+

sin
(2π

x
1 )

+
cos(4π

x
1 ).
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1
6
0
0
 
1
8
0
0
 
2
0
0
0

"
m
e
a
n
_
8
_
2
0
0
"

ν
=

1,
C

onvergence
1t ∫

T

ũ
(x
,t)d

x
→
λ

as
t→

∞
.

V
ery

long
tim

e
steps

are
used

near
convergence.
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ν
=

0.01,

H
(x
,p

)
=

sin
(2π

x
2 )

+
sin

(2π
x

1 )
+

cos(4π
x

1 )
+
|p| 2,

F
(x
,m

)
=
m
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ν
=
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C

onvergence
1t ∫

T

ũ
(x
,t)d

x
→
λ

as
t→

∞
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=

0.01,
left:

u
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right
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N
ote

thatthe
supports

of∇
u

and
of
m

tend
to

be
disjointas

ν
→

0.
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V
[m

](x
)

=
F

(m
(x

))
=
−

log
(m

(x
)).

Sam
e

H
am

iltonian
as

before.
W

e
now

take
ν

=
0.1.
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,right
m
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T

he
m

easure
m

h
concentrates

near
the

m
inim

um
of
u

h .
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D
eterm

inistic
lim

it
ν
→

0

T
heorem

(L
asry-L

ions)

If•
H

(x
,p

)≥
H

(x
,0)

=
0,

•
V

[m
]
=
F

(m
)
+
f
0 (x

)
w

here
F
′
>

0,

then

lim
ν
→

0 (λ
ν ,m

ν )
=

(λ
,m

),

w
here

m
(x

)
=

(F
−

1(λ
−
f
0 (x

)) )
+

and
∫

T

m
d
x

=
1.
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ν
=

0
.0

0
1
,

H
(x

,p
)
=
|p
|
2
,

V
[m

](x
)

=
4
co

s(4
π
x
)
+

m
(x

)

"
u
.
g
p
"

"
m
.
g
p
"

left:
u

,right
m

.
T

he
supports

of∇
u

and
of
m

tend
to

be
disjoint.

m
(x

)≈
(λ
−

4
cos(4π

x
))

+
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A
nonlocaloperator
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ν
=

0
.1,

H
(x

,p
)
=

sin
(2

π
x

2 )
+

sin
(2

π
x

1 )
+

co
s(4

π
x

1 )
+
|p
|
3
/
2,

F
(x

,m
)

=
2
0
0
(1
−

∆
)
−

1(1
−

∆
)
−

1
m

left:
u

,right
m

.
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"
u
.
g
p
"

"
m
.
g
p
"

ν
=

0
.0

0
1,

H
(x

,p
)
=

sin
(2

π
x

2 )
+

sin
(2

π
x

1 )
+

co
s(4

π
x

1 )
+
|p
|
2,

F
(x

,m
)
=

(1
−

∆
)
−

1(1
−

∆
)
−

1m

left:
u

,right
m

.
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=

sin
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+
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π
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1 )
+

co
s(4

π
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1 )
+

(0
.6

+
0
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9
co

s(2
π
x
))|p

|
3
/
2,

F
(x

,m
)

=
2
0
0
(1
−

∆
)
−

1(1
−

∆
)
−

1
m

left:
u

,right
m
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C
onclusion

•
A

prom
ising

m
ethod

for
doing

som
e

quantitative
econom

ics.

•
D

ifficultopen
problem

s
in

the
m

athem
aticaltheory

–
Justification

of
the

passage
to

the
lim

itas
N
→
∞

.

–
Planification

problem
:

drive
the

m
easure

m
from

m
0

to
m

T
.

•
N

um
ericalm

ethods
can

be
designed

and
analyzed.

•
O

pen
problem

s

–
H

ölder
or

L
ipschitz

estim
ates

w
ith

m
ore

generalassum
ptions

–
error

estim
ates

•
R

ecentw
ork

on
planification
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