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Abstract

A new likelihood approach is proposed for the problem of semiparametric estimation of a conditional distribution or
density under censoring. Consistency and asymptotic normality for two versions of the maximum likelihood estimator of
the parameter vector in the single index model are proved. The single-index model considered can be seen as a useful tool
for credit scoring and estimation of the default probability in credit risk. A data-driven bandwidth selection procedure is
proposed. It allows to choose the smoothing parameter involved in our approach. The finite sample performance of the
estimators has been studied by simulations, where the new method has been compared with the method by Bouaziz and
Lopez (2010) [1]. To the best of our knowledge this is the only existing competitor in this context. The simulation study
shows the good behaviour of the proposed method.
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1. Motivation and background

The single-index model (SIM) is a flexible tool to incorporate the effect of a vector of covariates in a regression problem.
By focusing on an index, the so-called “curse of dimensionality” is no longer a problem in the SIM, since multivariate
nonparametric regression estimation is avoided. In other words, the SIM is as a reasonable compromise between a fully
parametric and a fully nonparametric model.

Plenty of papers have dealt with the issue of estimating the parameter vector and the link function in SIM (see [6], [9],
[12], [14], [15] and [23], among many other). Different methods are available for fitting the SIM: for instance, kernel
smoothing, least-squares, average derivative estimation and sliced inverse regression. Parametric tests (see, for instance,
[30]) and goodness-of-fit tests (see [8], [13], [27] and [32], among other) have been proposed for SIM. Generalizations
of SIM has been also considered over the past few years. For instance [3], [28] and [29] studied estimation methods in
partial linear single-index models. Empirical likelihood methods have been also applied for SIM (see, e.g., [33]). Finally
SIM have been extended to survival analysis (as in [18]), including censored data (see [17], [19] and [20]).

In the contexts of conditional distribution function and conditional density the use of SIM has been much more limited.
However, this is an important setting in applications to credit risk, where SIM’s can be used to jointly estimate the scoring
and the probability of default of credits, since this probability can be expressed in terms of a conditional distribution
function (see [2] for details). SIM’s have been also used for other purposes in credit risk (see, for instance, [21]).

To fix our notation, let the lifetime, Z, be a nonnegative random variable dependent on a vector of covariates X =
(X1,...,Xq)" and f(z|x) the density function of Z given X = x. Moreover, let

0o = (61, ...,04) where d > 2
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be a parameter vector with the property:

foy (2160%) = [(2]x),
where fp, (2]0(x) is the conditional density of Z given ), X = 6 x. Furthermore, let F'(z| X = x) and Fy, (z]|0),X = 6{x)
be the conditional distribution functions, given X and 6 X, respectively. As a consequence

Fy, (200X = 6(x) = F(2]X = x). (1)
Moreover, the random variable Z may be censored from the right by C' ~ G. Hence, we observe
Y =min(Z,C)~ H

together with
0=1lz<cy-

For example, in credit risk applications (as in Cao, Vilar-Fernandez and Devia [2]) the lifetime, Z, could be the time to
default of a credit and the vector X = (X1, ..., X4)" would include the client covariates that are relevant for estimating the
probability of default. The linear combination 6 x is an index of the propensity to default of a credit with covariate vector
x. So, the interest is to estimate the parameter 0, the conditional density, fs,, and the distribution function, Fy,. In this
context, Bouaziz and Lopez [1] have recently proposed a semiparametric procedure to estimate the conditional density,
deriving consistency and asymptotic normality of some estimator of the index parameter in (1). This estimator is based
on maximizing a regression-like analogue of the (uncomputable) theoretical likelihood.

In this paper a new maximum likelihood estimator is proposed. The idea is to compute some alternative observable version
of the likelihood that takes into account explicitly the censoring mechanism. The rest of the paper is organized as follows.
Section 2 presents the theoretical likelihood in this conditional context under censoring and some result that characterizes
the true index vector as the maximizer of the expected value of this theoretical likelihood. The new likelihood version to
be used in practice is presented in Section 3, where the maximum likelihood estimator is defined. Section 4 includes the
main results for the maximum likelihood estimator for the index vector, namely its consistency and asymptotic normality.
Section 5 is devoted to a simulation study that exhibits the good behaviour of the proposed approach, while Section 6
shows a real data example. Finally, Section 7 presents some conclusions and the proofs of the main results are collected
in Appendix A.

2. Theoretical likelihood function

Suppose for a while that F is known except for the value of the index vector §. We define the theoretical likelihood
function as follows:

n

Lo(0) = [J(fo(Yilo'X))% (1 — Fp(Yil0'X,))' %

i=1
and

n

Ih(0) = %log (in(e)) - % > (51» log fo(Vi|0'X:) + (1 — 6;) log(1 — Fg(Yi|9’XZ-))>. 2)

Set

0, = arg max ln (0) €)]

and define the score function as the expected likelihood:

1(0) = E(1n(0)). @)

Some assumptions are needed for the following result:



Al: Z is independent of C'
A2: Z is conditionally independent of C' given X
A3 P(Z<C|X,Z2)=P(Z <C|2)

Observe that assumption A3 allows some dependence between C' and X . Moreover, under (1) and A2, we have that Z is
conditionally independent of C' given 6, X

The following result characterizes 6 as the maximizer of the score function.

Theorem 1. Under AI1-A3 we have

0y = arg meaxl(ﬁ) 5)

Proof:
We will show that for every 6 we have

According to (2) and since the data are i.i.d., we have

E(l,(00)) — BE(I.(8)) = E(log<m)5l) + E(log(ll‘_if;&'gfﬁf)l51)

— g — 1o LMl X) 61) <_ <1—F9(Y1|9'X1)>151>
- E( log<f9o(yl|9(/)Xl)> B log 1 — Fy, (Y1]0X1) '

Moreover, using Jensen inequality

E(ln(60)) = E(I(6)) > —log(A) — log(B),
A= E(( folY1]0'Xy) >5>
f9o(Y1|90X1)
pon((p) )
1 — Fy, (Y1]00X1)
Let f3(x,¢,2), f2(c, z|x) and g(c|x) be the densities of (X, C, Z), (C,Z) given X and of C given X, respectively .

According to A2, we have that f5(x,¢,2) = fa(c, z|x) fx (x) = g(c|x)f(z]|x)fx(x). Hence, by definition of 6y, we
obtain

where

and

' )liz<e}
A = /f9 min(z, )G o dxdde

f(min(z, ¢)|x)tt=<e
9/ liz<ey
— [ DR O e e fc e

f(min(z, ¢)|x)t=<e}

/1{z§c}f0(z|9/X)9(C|X)fX(X)dXdZdC+/1{Z>C}g(c|x)f(z|x)fX(x)dxdzdc
= a-+b,

where a = [ g(c|x) fx (x)Fy(c|0'x)dxdc and b = [ g(c|x)fx(x)(1 — F(c|[x))dxdc



Similarly,

B = /(1—Fe(min(z,c)|0’x))1{z>c}

(1 - F(mln(z, C)|x))1{z>c} g(c|x)f(z|x)fX(X)dXdZdC

= /(1 — Fy(c|6'x))g(c|x) fx (x)dxdc + /F(c\x)g(c|x)fx(x)dxdc =2—a—b.
Hence
E(l,(60)) — E(1,(8)) > —log((a +b)(2 — a — b)),
where, a, b € [0, 1]. Finally, since the function z(2 — ) has a global maximum at z = 1, we have that
E(1,(60)) — E(1,(0)) > —log((a + b)(2 — a — b)) > —log(1) = 0.

This completes the proof.

3. Maximum likelihood estimation

Since, in practice, neither fy nor Fy are known, they need to be estimated. Let K be a nonnegative kernel and A1, hy two
positive bandwidths. Set
Fit)y=P(Z <t),G(t)=P(C <t) and H(t) =P(Y <)

together with
g = inf{y : H(y) = 1}.

Furthermore, set

s J K (9;;——“) K (yh;) Lu<a,) FE(du, dv)
B (235) Lo, FY (du, do)

Jo(ylo'x) = (6)

and
LK (f?;;;u) K (yh;) Lu<a,y FY (du, dv)

1 — Fy(y|o'x) = /
S K (9352 Yoza,) Fo (du, dv)

. (N

where K(z) = [ K(z)dz and a,, is a positive sequence, used to avoid problems with the right tail of the lifetime
distribution, such that a,, — 75 when n — co. Moreover, F? (u, v) is the Kaplan-Meier estimator of (6’ X, Z) defined as

n

/ ol 0) F (duy dv) = 3 Wi (05, Y;),

J=1

where
an = Fn(Y7) - Fn(YJ_)

and F),(t) is Kaplan-Meier estimator of F'(t) = P(Z < t). See, [16], [25] and [26] for details.
Moreover, it can be shown that
9
C (1= Ga(Y;-))
where G,,(x) is the Kaplan-Meier estimator of G(t) = P(C < t). See, e.g., [1] for details.

W;



Finally, let f, *(Y;|0'X;) and 1 — F,;*(Y;|¢’ X;) be the estimators defined in (6) and (7), where the sums in definition of
F?(u,v) runs over j # i. Set

n

1 F—i i —i /
In(0) = - Z(& log fy " (Yil0' X;) + (1 — 6;) log(1 — F,;*(Yil0 Xi))) Liyi<an,X;€Aen}, (®)

i=1

where A°" is a set with the property P(X; € A“») — 1 forevery i = 1,...,n when n — oo and ¢,, — 0, and

0, = argmgx[n(ﬁ). 9)
Finally, set
. 7(0'X,;,Y;
frrx) = TG 1o
and
. d0'X;,Y;
1_F0 (Yz“ngz')—(g(e,X_))a (11)
where
1 0; X, —0'X, Y;-Y;
PO X;,Y;) = —— 1y <a J K( ! J>K<Z ]> 12
(06 Y) = i 2 0o TG 770) I = (2
1 0; X, —0'X,
$5(0/X;) = — 1sy, J K ! J 1
X = g 2 s TG, ) (=) 9
and
A 1 05 X, —0'X, Y,-Y;
d(0'X;,Y;) = — liy.<a J K< ! J)K(l ]). 14
| ) i ; W=t n(1- G,(v;-)) h1 ho (1

4. Main results
In this section we will study the properties of 6,,. To establish the main results we need to assume some further conditions:

Ad: B(X|0,X,C, Z) = E(X|0,X)
AS: E(X X") < oo componentwise.

The two bandwidths A1, ho and the sequence c,, should fulfill the following conditions

A6: \/nh} — 0, /nh3 — 0, nh$ — oo and ¢, n%/%h3hy — oo when hy, hy — 0 and n — co.

Remark 1. Using hy = cin™ Y7, hy = con™'/3 and ¢, = 1/log(n), assumption A6 is fulfilled. These are the asymp-
totically optimal rates for the estimation of the first derivative of the conditional density and for the distribution function
estimation, respectively.



Moreover, assume . N .
A7: The derivatives é?k—u%fgo (u,v), d‘i—,uf%x(u) and di—uE(Xh%X =u)existsfork =1,2,3and ! =1, 2.
A8: The function h(6,) = %f‘g (01%,Y)o—g, is continuous and a?—zkfg(%x, Y)o—0, eXists.

A9: lfc(f(l?_) < oo and sup,, [ ffOG(gi)) dt < oo.

Finally, let 1{1)(6y) = V1(6)|9=s, denote the gradient of /(#) over § evaluated in 6. Further, let /1%l (9) denote the Hessian
matrix of {(f). Now we can state our first result.

Lemma 1. Under A1-A3, A7 and A8 we have

o 00 == [I@)] " @160) - 1M (00)),

where é,’; is between én and 6.

Proof. Using (5) and (9) we have o
1M(69) = 0 and IM(8,) = 0.

Now a Taylor expansion gives

11(00) = 0 = 11M(8,) = i (8,) + I12(87) (6, — 65),

where 9: is between 6, and 6. This completes the proof.
X

Theorem 2. Let a,, = H~ (1 — ) with s, ~ n*/3(log(n))?*! for some £ > 0. Set A = Af» = {x: fo, x (0p%) >
¢n}. Then, under A1-A9 and if | 2l (0%) is positive definite for 0* belonging to a neighborhood of 6y, we have
V0, — 00) = N(0,%),

where
Y= 222123,

Yy = [Z[Q] (90>} -

and

%= /(1 = G(z = [x))(Volog(fo(2]0'x))e0,) (Ve log(fo(210"x))o—s, )" f (x, z)dxdz
+ /(1 — F(c]x)) (Vg log(1 — Fy(c|0'x))g=s,) (Vo log(1 — Fp(c|0'x))g=0,)" 9(x, c)dxdc.

Theorem 3. Let a,, = Y, ., withr, = n — s, and s,, =~ n*/3(log(n))?*e1. Set A°» = A% = {x: for x(07,%x) > cn},
where 0,, denotes a consistent estimator of 0y. Then, under AI-A9, if supp(K) € [—a,a] and I2/(6*) is positive definite
for 6% belonging to a neighborhood of 6y, we have

\/ﬁ(én - 00) - N(07 Z)a
where Y is defined as in Theorem 2.

Theorem 4. Under AI-A9, with a,, = T, we have

0, — 0y in probability



Remark 2. In Theorem 2 we assume that the quantile function H =1 (u) and the set AG" are known. This makes the
trimming function J(x,y) = 1 (y<anzeAS"} deterministic and the proofs more transparent. Nevertheless, Theorem 3
shows that we can replace the quantiles H~'(u) by order statistics and the set A5 with an estimable AS™ based on
preliminary estimator 0. The 0, can be found by setting 1{x,c acn} = 1 and maximizing the likelihood (8). See [6] and
[17], for details. In praxis, since J(X;,Y;) goes to one in probability for every i = 1, ...,n, we may take J(X;,Y;) = 1.
Such a choice of trimming function gives good results in the simulation study.

5. Simulations
Let us consider the model used by Bouaziz and Lopez [1]:

Z=0\X +e, (15)
where 6y = (1,0.5,1.4,0.2), X = (X1, X2, X3, X4),

X, N(0,1), with probability 0.2
! N(0.25,2), with probability 0.8

is a normal mixture for s = 1,2,3,4 and ¢ ~ N(0, |8, X]). Set C ~ exp()), so that we only observe Y = min(Z, C)
together with 6 = 1;z<¢;.

The goal is to estimate 6y with 0, = (1,0,1,042,0,3) = (1,0,) and select the bandwidths hq and hs. For the latter we
consider two possible strategies:

1. Optimizing the likelihood function over two different bandwidths h; and ho.

2. Optimizing the likelihood function over h by setting h; = hé (6’ X) and hy = hé(Y'), where & is the estimated
standard deviation.

In the following sections we set 1(y, <4, x;cAen} = 1.

5.1. Model 1

We consider now the model from Bouaziz and Lopez [1], where A is constant (it does not depend on X). Hence C' is
independent of Z and the assumption Al is fulfilled.

Tables 1-4 show Monte Carlo approximations for the bias, the variance and the mean squared error of the Bouaziz and
Lopez (BL) estimator and the new estimator with the two bandwidth choices presented above. These results are for
n = 100 and n = 200 together with A = 0.3 (25% censoring) and A = 0.85 (40 % censoring). For the new estimator, the
results are based on 500 trials.



Table 1: Estimated bias, variance and MSE for A\ = 0.3, n = 100 and 500 trials.
Different bandwidths h; and Ao

enl 0n2 0n3

Bias 0.003 0.026 -0.006

Variance 0.031 0.080 0.023
MSE 0.1350874

Bandwidths hy = ho (6’ X) and hy = ho(Y)

Bias 0.009 0.041 -0.001

Variance 0.023 0.058 0.018
MSE 0.1014918
Bouaziz and Lopez [1]

Bias 0.07 0.221 0.028

Variance 0.034 0.074 0.02
MSE 0.182598

Table 2: Estimated bias, variance and MSE for A = 0.3 n = 200 and 500 trials.
Different bandwidths h; and Ao

anl 0n2 9n3

Bias -0.007 -0.015 -0.006
Variance 0.010 0.026 0.009

MSE 0.0456373

Bandwidths hy = hd (6’ X) and he = ho(Y)

Bias -0.003 -0.009 -0.004
Variance 0.008 0.019 0.007

MSE 0.03511254

Bouaziz and Lopez [1]

Bias 0.034 0.107 0.014
Variance 0.007 0.011 0.0006

MSE 0.0364064




Table 3: Estimated bias, variance and MSE for A = 0.85 n = 100 and 500 trials.
Different bandwidths h; and Ao

enl 0n2 0n3

Bias -0.008 0.008 -0.008

Variance 0.054 0.136 0.039
MSE 0.2298826

Bandwidths hy = ho (6’ X) and hy = ho(Y)

Bias -0.003 0.029 0.0005

Variance 0.037 0.091 0.025
MSE 0.1542782
Bouaziz and Lopez [1]

Bias 0.074 0.176 0.061

Variance 0.064 0.051 0.069
MSE 0.2239023

Table 4: Estimated bias, variance and MSE for A = 0.85 n. = 200 and 500 trials.
Different bandwidths h; and Ao

anl 0n2 9n3
Bias 0.005 -0.0046 -0.0047
Variance 0.021 0.043 0.0176
MSE 0.08184733
Bandwidths by = h6 (60’ X) and hy = hé(Y)
Bias 0.012 0.013 -0.0009
Variance 0.016 0.033 0.015
MSE 0.06476457
Bouaziz and Lopez [1]
Bias 0.043 0.14 0.021
Variance 0.018 0.022 0.014
MSE 0.07533921

It is important to mention that the proposed estimator is mostly better than the one by Bouaziz and Lopez [1]. Furthermore,
the new estimator with bandwidths hy = hé(0'X) and he = ho(Y) gives always the smallest MSE. The different
performance between the BL estimator and the one proposed in here comes from the bias. It is worth mentioning that this
difference increases when the sample size decreases.

5.2. Model 2

In this section we consider the same model as before, but with A = A(X). Hence C depends on Z and assumption Al is
violated. More precisely, we take

AX) = Al XT,

with \; = 0.15 and A\; = 0.65, which gives, as above, 25% and 40% of censoring.
Tables 5-8 collect the results for the Monte Carlo approximations for the bias, the variance and the mean squared error of
the new estimator. The sample size was set to n = 100 and n = 200, with 500 trials.



Table 5: Estimated bias, variance and MSE for A\1 = 0.15 n = 100 and 500 trials.
Different bandwidths h; and Ao

01 [ 013

Bias 0.0088 0.0083 0.00002
Variance 0.041 0.087 0.030

MSE 0.1586619

Bandwidths hy = ho (6’ X) and hy = ho(Y)

Bias 0.016 0.029 0.00008
Variance 0.029 0.071 0.022

MSE 0.1247307

Table 6: Estimated bias, variance and MSE for A\; = 0.15 n = 200 and 500 trials.
Different bandwidths ~1 and ho

0n1 0n2 0n3

Bias -0.0048 -0.0044 -0.0018
Variance 0.012 0.034 0.012

MSE 0.05776507

Bandwidths by = h6 (0’ X) and hy = h6(Y)

Bias 0.0005 0.0081 0.0045
Variance 0.010 0.028 0.009

MSE 0.04728104

Table 7: Estimated bias, variance and MSE for A\; = 0.65 n = 100 and 500 trials.
Different bandwidths h; and Ao

0n1 0n2 0n3

Bias -0.012 -0.031 -0.0048
Variance 0.168 0.693 0.081

MSE 0.942775

Bandwidths by = h6 (0’ X) and hy = hé(Y)

Bias 0.026 0.073 0.0008
Variance 0.079 0.219 0.051

MSE 0.3566779

10



Table 8: Estimated bias, variance and MSE for A\1 = 0.65 n = 200 and 500 trials.
Different bandwidths h; and Ao

01 [ 013

Bias -0.004 -0.019 -0.0046
Variance 0.088 0.201 0.038

MSE 0.3281369

Bandwidths hy = ho (6’ X) and hy = ho(Y)

Bias 0.034 0.0436 0.007
Variance 0.049 0.111 0.036

MSE 0.1997059

With 25% of censoring (Tables 5-6) the estimator is still behaving well, even if the assumption Al is not fulfilled. A
censoring of 40% causes a significant increase in MSE. Nevertheless, the estimator with by = h6(0'X) and hy = h6(Y)
still presents a reasonable behavior. It is worth mentioning that, although the estimator with a single smoothing parameter

has a smaller variance, its bias tends to be larger.

5.3. Model 3

In this section we consider again model (15) with A = \(X).
exp(A1]00X]). This time, given X, C and Z are generated from the Gaussian copula with parameter 0.5. Hence C
depends on Z and neither assumption Al nor A2 is fulfilled. We take A\; = 0.15 and A\; = 0.65, which gives, as before,

25% and 40% of censoring.

Tables 9-12 collect the results for the Monte Carlo approximations for the bias, the variance and the mean squared error

of the new estimator. The sample size was set to n = 100 and n = 200, with 500 trials.

Table 9: Estimated bias, variance and MSE for A1 = 0.15 n = 100 and 500 trials.
Different bandwidths h; and Ao

01 0o 03

Bias 0.005 0.022 0.003
Variance 0.036 0.088 0.029

MSE 0.1535400

Bandwidths hy = ho (6’ X) and hy = h6(Y)

Bias 0.014 0.036 0.004
Variance 0.027 0.064 0.021

MSE 0.1139752

11

As in Model 2, Z ~ N(0(X,]0pX]) and C ~



Table 10: Estimated bias, variance and MSE for A1 = 0.15 n = 200 and 500 trials.
Different bandwidths h; and Ao

01 [ 013

Bias 0.004 0.011 -0.002
Variance 0.016 0.036 0.012

MSE 0.0647620

Bandwidths hy = ho (6’ X) and hy = ho(Y)

Bias 0.007 0.018 0.002
Variance 0.012 0.026 0.011

MSE 0.0492625

Table 11: Estimated bias, variance and MSE for A1 = 0.65 n = 100 and 500 trials.
Different bandwidths h; and Ao

enl 0n2 9n3

Bias 0.009 -0.041 -0.021
Variance 0.086 0.350 0.074

MSE 0.5124920

Bandwidths hy = hd (6’ X) and hy = ho(Y)

Bias 0.049 0.069 0.0001
Variance 0.068 0.196 0.052

MSE 0.3238710

Table 12: Estimated bias, variance and MSE for A1 = 0.65 n = 200 and 500 trials.
Different bandwidths h; and Ao

enl 0n2 9n3

Bias -0.013 -0.012 0.004
Variance 0.071 0.160 0.054

MSE 0.2856553

Bandwidths by = hd (6’ X) and hy = ho(Y)

Bias 0.019 0.059 0.022
Variance 0.060 0.165 0.053

MSE 0.2825447

The results in Tables 9-12 shows that if, additionally to A1, the assumption A2 is not fulfilled the MSE stays similar to
MSE in Model 2. Similarly as in Model 2, the results are worse than in Model 1 especially when censoring is heavy.
Consequently, the assumption A1l seems to be crucial for our model.

5.4. Asymptotic variance

In this section we compare the asymptotic variance of \/ﬁ(én — Bp) for the estimator presented in this paper with that
given in [1]. Using Theorem 2, it can be shown that the asymptotic covariance matrix, 3, of \/n(6,, — 6y) can be written
as

12



no= [/(1 — G(z — |x))(Vo log(fo(2]0'x))o=0,) (Vo log(fo(]0'x))o=a,)" f (x, ) dxdz

+ /(1 — F(c|x))(Vglog(1l — Fy(c|0'x))o=g,) (Vo log(l — Fy(c|0'x))o=g,) 9(x,c)dxdc| .  (16)
The asymptotic covariance matrix of the estimator proposed by Bouaziz and Lopez [1] is given by

S =V AL (VT
where, using the notation of the present paper, f1(z,y) = (fg, (y|96x))’11{f9, L (Bhx)>c} Vo (yl0'x)g=p,. f§ denotes
0
the density of Z given 8’X and Z € A™ with A™ € (—o0, 7],

—— Vo f§(Z10'X)o=0,Vaf5(Z10'X )5 60 / 1
" (5, (Z16,X))? Hrx 0> ey

Ar(f1) = Var((Y,6, X, fil{yeay))
and

5£1(X,Y) 1{Y€AT f [ fi(@, )1 e ary F(dx, dt) MY (dy)

w(Ya(;avall{YEAT}): 1-G(Y— 1—H(y)

Moreover, using Lemma 4, we have

/ /fl(a:,t)l{teAr}F(dx,dt) = E(fl(X, Z)]-{Ze(yn']}) =0.
Y

Hence

B 0fi(X,YV)lyeary\ . [ Vefg (Z10'X)o=0,Vefs (Z10'X)y_y,
AT(“‘V‘”( o) )‘E 0 Gz (2D Uox@x>alizeay |-

where the last equation is a consequence of Lemma 4 and assumption A3 (Assumption 5 in [1]).

Note that if there is no censoring, C' = 0o, both asymptotic covariance matrices, 3 in (16) and 3, from [1] with 7 = oo
and ¢ = 0, reduce to the asymptotic covariance matrix in the complete data case

-1

%o :[E (Vo log( fo(Z16'X))o=0,)(Vo los( fo(Z16'X))o=s,)")

See Theorem 2 in [5], for details.

Because of the complicated structure of the asymptotic covariance matrices, they cannot be compared in general. Nev-

ertheless, we present a comparison based on Model (15). Tables 13-14 show the asymptotic variances diag(X) and

diag(%;) for Model 1 for 1¢ for x(052)>c} = 1 and different values of 7. More precisely, we choose the 7 = 7* (which
0

differs depending on censoring) that gives the best results, as well as 7 = F'~1(0.9) (which coincides with Table 5 in [1])
and 7 = oo (no trimming). Since there are no explicit expressions for the expectations, we approximate them via Monte
Carlo based on 30000 trials.
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Table 13: Asymptotic variances using A1 = 0.3 for Model 1.
Present estimator: diag(X) given in (16)

0.148 1.154 0.024
Bouaziz and Lopez [1]: diag(%,) with 7 = 7% = F~1(0.8)
0.208 1.620 0.039
Bouaziz and Lopez [1]: diag(%,) with 7 = F~1(0.9)
0.217 1.701 0.037
Bouaziz and Lopez [1]: diag(X;) with 7 = 0o
0.581 4.553 0.093

Table 14: Asymptotic variances using A1 = 0.85 for Model 1.
Present estimator: diag(X) given in (16)

0.199 1.551 0.032
Bouaziz and Lopez [1]: diag(%,) with 7 = 7% = F~1(0.6)
0.253 1.979 0.042
Bouaziz and Lopez [1]: diag(%,) with 7 = F~1(0.9)
0.705 5.526 0.116
Bouaziz and Lopez [1]: diag(X;) with 7 = 0o
276.5 2172 4431

Consequently, the asymptotic variance for the present estimator is always better than that of [1] for Model 1. Moreover,
the variance in [1] is strongly dependent on the choice of 7, specially when censoring is heavy. Hence, in this particular
example, the estimator prsented in this paper is more efficient.

6. German Credit Data

In this section we apply our model to the German Credit data set which is publicly available on the internet page
http://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data). This data set includes information about 1000 cred-
its from which 300 where classified as bad credits and 700 as good credits. In our model we use four covariates such as
credit amount, checking account, time of employment and savings account. Let us denote with X = (X1, X5, X3, X4)’
the vector with the above mentioned covariates and with 6y = (1, 62, 03, 6,)’ the index to be estimated.

Since some of the X;’s are ordinal (interval) variables, in order to use our approach, we change them into numeri-
cal variables. To be more specific, X; is already a continuous variable denoting amount of credit in DM, X, €
{-0.05,0.01,0.25,0} denotes the checking account in thousands of DM, X3 € {0,0.5,2.5,5.5,8.5} denotes the years
of employment and X, € {0, 0.05,0.25,0.75,1.25} denotes the savings account in thousands of DM.

Additionally, to the explanatory variable X, we set Z, as the time to default and denote with § = 1 the bad/defaulted
credits and with 6 = 0 the good credits. The results are presented in Table 15

Table 15: Estimated parameter én
gln 9271 9311 0411
1 3.2091 0.2312  2.1891

Figure 1 presents the estimated conditional survival function for
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x1 = (credit,0.1,4,0.25)" where credit € {1,10}

X2 = (2, account,4,0.25) where account € {—0.05,0.25}

1-F(t]x)
1-F(t|x)

00 02 04 06 08 10

00 02 04 06 08 10

10 20 30 40 50 60 70 10 20 30 40 50 60 70

t t

Figure 1: Estimators 1—Fy (t|6;,x1) (lefo) for credit = 1 (solid line), credit = 10 (dashed line) and 1—F (¢|6,%2) (right) for account = —0.05
(solid line), account = 0.25 (dashed line)

7. Conclusions

In this paper we have introduced an estimator of the parameter vector in a single-index model under censoring and proved
its asymptotic properties. We compared our method with that presented by Bouaziz and Lopez [1]. The simulation
study has shown that our estimator gives mostly better results and is more efficient than that presented in [1]. The main
difference between the two approaches comes from the definition of the likelihood function. The theoretical likelihood
in our approach, defined in (2), is commonly applied in the censored data setup. Bouaziz and Lopez [1], on the other
hand, estimated the quantity E(log f7 (Z]0'X)J(X)1zca, ), where f] is the density of Z given #’X and Z € A” while
J(X)1zeca. is a trimming function. This kind of likelihood, with A™ = R, is generally used in the complete data
setup (see, e.g., [5]). The trimming function in the estimated likelihood is also present in our model. Nevertheless, it
goes to 1 and hence vanishes when the sample size increases. The next crucial difference between our method and that
presented in [1] has to do with bandwidth selection. In order to estimate the conditional density, Bouaziz and Lopez [1]
used one smoothing parameter h for both Z and 6’ X. Consequently they needed fourth order kernels in order to prove
the asymptotic normality. On the contrary, our approach uses two different bandwidths, hy and ho, which allows us to
use positive second order kernels. The only drawback of our method is the need of Assumption A2, which requires the
independence between Z and C' given the explanatory variable X. Nevertheless, both methods require Assumption Al,
the unconditional independence between Z and C. Note that in many practical examples the censoring variable C' is
independent of X. In such a case Assumption A2 is a consequence of Al.
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Appendix A. Proofs of Theorems 2 - 4.

Proof of Theorem 2.
According to Lemma 1, we need to study the quantity:

11M(00) — 11M(80) = 0 (00) + Bn(60),

where

an(fo) = I11(00) — 111(60)

Bn(B0) = 11(60) — 1M ().

For £3,,(8p), according to Lemma 2, we have

and

VnBn(6o) — N(0,%1)
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Bn(60) — 0 in probability.
Concerning o, (6), set

d(ngZ,Y;) = fG(a/Xlay)dy
Y

Hence, by (2), (8), (10) and (11), we have

[n(00) = 1n(00) = Z[ (log(7(0X;,Y3)) — log(fo, (60X:, ¥3))) + (log(foy x (05.X:)) —log((65X3)))
+(1 - 51)(10g(d(9(l)X17 le)) - log(d(e(l)Xu }/1))):| I{XiEAC",Yigan}

1 n
38l oy (5106) + (1= B)10B(1 = Foy (Y16 X0)| (v, ey + L)
=1

First note, that a,, and ¢, are deterministic sequences such that a,, — 77 and ¢, — 0. Then, using Lemma 4, the
derivative with respect to 6 of the last term is of order op(n~'/?). Hence

1] ) .
1160 — 111(8,) = fz P(0pX,Y:) Toy (63X, Y7) n Topx 0o Xa) 5l X;)
" " F(00Xi,Yi)  fo,(05Xi,Yi) fox(05Xi)  8(05X5)

A x;, ) dYe X, Y;
_|_(1 —6)( ( 0 Ly ) _ 0 ) )

( ﬂ —1/2
~ 1 cn a + o .
d(%Xi,Yi) d(% z‘,Yi) {X;€An Y;<an} ]P( )

Furthermore, by repeated use of

<> =
;ﬁ\

o

=

o

and similar expansions for § and d, we obtain

11(6) — IM(6y) = ZA;MHH» —2),

where
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] Lix,eAen vi<an}

1T A0 X0, Ys) — fi (00X, Y7)
A = 5;_52‘ o (005, V) :|1{Xi€A°n,Yi<an}
n or ]/
1 fo, (06X5,Y3) , o
- _— T o <~ < ; 1) — ; ) 1 . cn Vi<a
Aop ”;-6Zf020(96X1”m (foo (05X, Ys) — 7(00X5,Yi)) | Lix,eaen vi<an}
L 1i-féz]xwaxi)—§[”<96X1->}1
o n— 1L fo, x (05.X:) (Xoeam Yisan)
n el /
1 forx (66X5)
A - - 0 S H/Xz — ’ QIX,L 1 ) cn Y. <a
= T O ~ SO toxcacn i
Asn = E;.(l_ 0 d(0) X, Y;) }I{Xie“‘“”"y‘“"}
1 <[ dM(0,X;,Y7) X
Aen = g;_( - z‘)dg(%m(d(%Xi»Yi)—d(e{)Xin))]1{XieA°n,Yi<an}
A = L[5 COX ) = oy (000 Y o B Vi) = (00 Xe YO
Tl 72 0., ) (riean i)
1 NI ~ (f9 (96X2>}/Z)_f(96XZ7YVZ))2
Agn = =S |6,V log(#(0' X, Y3))|g—g, 220 Lix caen v <
8 n;_ V@ Og(’l”( ))|0 0o f920<96X17}/Z) {X;€An Y;<a,}
1 SN[ (000) — 8106 X0)) (3(06.X:) = fo x (0X))
Agn = ﬁ; s2(0pX:) Honean s
1N (fo,x (05X:) — 5(6X:))?
Agn = — log(5(0' X)) |g—g, 22 Lix caen v.<a
10 n;_Va 0g(3(0'X;))]o=a, 72 0 %) ] (X,€Aen Yi<an}
A = 23 [a-a (d" (05X, Vi) — dY (0, Vi) (d(0pX, Vi) — d(6,.X:, 2))
11n n | [ dQ(aéX“Y;)
1 3ot (d(G{)Xi,Y;)—cZ(H()X,»,Y;))?
Ajap = HZ:_(1—cSZ-)Vglog(d(ﬁXi,Yi))Iezeo PO X:,Y) 1{x;cAen Yi<an}

@
Il
-

Now we need to consider each of this terms separately.

To deal with A, fori =1, ..., 6, let us define the following functions:

L 1 / 0'x —u y—v
7(0'x,y) = i K T K " fo(u,v)1{y<q,ydudv

_ 1 0'x —u
s(&’x) = h—l /K< I )fg(u,v)l{vgan}dudv

and

- 1 Ix — _
d(&’x,y):—/[( Ox —u) g (v folu,0)1y<q, ydudo.
ha ha ha
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Moreover let

Aln = Bln + Clru

where

P = e 020 T eneny,
1 Z f90(9 Xza}/;) {Xi€A Y;<an}

V(00X Y:) — f5(0,X:,Y:)
Cin = *Z‘s T 0% T Hoxean visan)

and

A2n = BQn+O2n7

where

g

7l
Bon = 25
Con = fzfs feo

Similarly A;, = B;n + C;y, fori = 3,4,5,6. Set

(7(00Xs,Ys) — #(05.X:, Yi)) 11 x,c Aen vi<an}

(f90 (06X13 }/7) - F(Q(I)le }/i»l{XiEACW/,YiSan}

Yi)
Yi)
90 i) )
’X“Y)

Cn = Cln + C2n + CBn + C4n + C5n + Cﬁn

and

Bn = Bln + B2n + B3n + B4n + B5n + B6n~

Now using Lemma 5,

\/ﬁCn = Op(l).
Moreover, Lemma 13 leads to
\/ﬁBn = O[p(].).

Finally, Lemma 14 implies that /n Z,lfﬂ Akn = op(1), while Lemma 15 shows that IS (6) — 112/(#). This completes
the proof.
X

Lemma 2. Under the conditions in Theorem 2 we have

1M (0o) — 1M (o) L0

and
V(i (0o) — 11M(60)) — N(0,%1)
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Proof.
According to (2) and since I!Y(6) = E(ﬂnl] (6o)) = 0, we have

F(Y;16'X,)0—0,
1 — F, (Yil06X:) |

n My ipr v,
VA o)~ o) = S [ade B g

Then, [,[11 ) (6) — 111(0) is a sum of i.i.d. random vectors and the Law of Large Numbers gives the convergence to zero in
probability. Moreover, by the Central Limit Theorem we have

V() (60) — 11 (60)) — N(0,%1)

To compute X1, let f3(x, z,c) be the density of (X, Z,C), while f(x,z) and g(x, z) are the densities of (X, Z) and
(X,C). Recall that Y = min(Z, C) while 0 = 1;z<¢y. Hence, using A1, A2 and A3, since 6(1 — 0) = 0, we obtain

[1](Y |9/X )
Y, = lim E|(620 L7 21/0=0
' K Foo (Y1109 X 1)

n— 00
<51 10X 1) o0,
Joo (Y1]0/ X1)

= /(1 — G(z — |x))(Vo log(fo(210"x))o=0,) (Vo log(fo(]0'x))o=0,)" f (x, 2) dxdz

—(1-=46y)

! <Y1|0'X1>e_ao>
1 — Fy,(Y116(X1)
FY (Y1|9'X1)9—90>t]

1 — Fy, (Y106 X1)

—(1=461)

+ /(1 — F(c|x)) (Vg log(1 — Fp(cl0'x))o=0,) (Ve log(1 — Fp(cl0'x))a=p,)" g(x, c)dxdec.
Observe that the last equation is a consequence of Lemma 4.

Next we consider the gradients of fg. We have following results:

Lemma 3. Under A8, we have

a)
0 / 9 /
ﬁf&(e X, Y)o=0, = e foo(t,y) | xk — E(Xg|0o X =t,Y =y)
k t=0(x
b)
if (0'x) —g Jorx (t) |xx — E(Xg|0pX =1t)
a0, 9/ X 0=00 = 7y \ 105X k k|bgX = .
Proof. Let
90 = (9017 ~~,90d)l
and

0* =09+ (0, ..., h,...,0), where h is in position k

Then, for every x = (x1, ...,z4) and y € R, we have

0
Tekfe(yx,y)a:eo =A+B+C,
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where

A = lim f@* (06)(, y) — f90 (06)(, y)
h—0 h

B = lim f90 (9*,X7 y) - f90 (96X7 y)
h—0 h

C = lim f9" (9*/X7 y) — f@o (9*,X7 y) _ f@* (96X7 y) — f90 (96X7 y)
h—0 h h ’

As to C, using a Taylor expansion in 8%, we obtain

2 2

o . . o . Ch . e, ﬁ
¢ = }lllg}) %few X,y)e_a*—%fe(eoxay)e_e*] +}1ng})2{80’2€]£0(9 X, Y)g—g Tﬁ,%fe(eox’y)é?:é ,

=0+ (0,...,h,...,0) and iL,;L € (0, h). Hence, using A8, C' = 0.

where 6 = 6, + 0,...,h,...,0),

D

Further, it is easy to prove that

9 /
B = aT)kfeo (0'x,9)o=0, = wk&feo (t,Y)t=ayx-

Finally, we have

6 , a 8 a / 77
A 20, Fo(0ix,v)o=0, B (33} (39k PO'X <t Y < y)eef))g_y)

t=0{x

Set @ = (001, ..., Ok, ..., Boa)’ so that 6; = 6y, for i # k is a fixed value and hence ¢’ X is a function of only one variable
0;.. Hence, for the inner derivative in A, we have

X = 01 X1+ ... + 01 Xg + ... + 00qXyg = 96X + 0. Xk — 00 X5
Let fX6:%X.Y (2 4, 7) denote the density of (Xy,0)X,Y). Hence

iP(&’X <tY <j) = iP(%X + 0, X5, — o X <Y <)
89k 89k

o [V /
- aiek / //1{u+9kxk—Gkakgt}kaﬁOX’Y(IEk, u, Z)dudmkdz

g o t—Opzp+0orxr ,
:/ / 37/ PN (2, 2)du | dagdz
—o00 k J—0co

g !
= / /fX’“’GOX’Y({L‘k, t — Orxy + Oorxk, z)(—xk)dackdz

Thus,

0

g ’
50 POX <Y <)oo, = / / FXROXY (0 b 2) (—x ) dagd.
k —00

Finally,

21



090/ 0 0 /
A = ——=—=POX<tY <3)p= ) :(/ KO0 XY (gt y) (— dx)
o (G POX <0Y <o RS 1V A ISR
0 / 0
= & (fgo(tay)/ka'OOX’Y(‘TkHa y)(xk)dxk) == & (7f90(t7 y)E(Xk|06X = taY = y))t:e[’)x
t=0{x

and the proof is finished.

Lemma 4. Under A4, we have

a)
/ / / a
Vo fo(yl0'x)o=0, = |x — E(X[05X = 0px) afeo (y|t)t:06x-
b)
E(Vollog fo(Z;|0' X:)lo=0,12Zi, Ci, 0'X;) = 0
and
E(VQ[IOg(]. — F0<Ci|0/Xi))]€:6‘o‘Zi> CZ,Q/XZ) = 0
Proof.

Using A4, part a) is an immediate consequence of Lemma 3. As to b), by A4, we have

E([Xl - E(X0pX = 0,X:)]|Zi, C’i,(‘)/Xi> = BE(X|6pX = 6,X;) — E(X]6,X = 6,X;) = 0.

This completes the proof.

Lemma 5. Under A2, A4, A6 and A7, we have following results:

VnC,, = Op(\/’ﬁh% + \/ﬁh%) = op(1).

Proof.
First, using a change of variable, we have

- 1 00X, —u Y; —v
T(G()Xi,yvi)l{ylgan} = hth /K (0hl) K <h2> feO(U,U)l{ygan}dUdvl{Y,;gan}

/K (21) K (22) fo, (06 Xi — h121,Ys — ho22) iy, —pyzy<a,yd21dz2]l{y, <a,y

and

1 0. X, — Y., —
7:[1](96Xi,yi)1{mgan} = %/(Xi — E(X|0)X =u))K’ < 0 le U) K( zh2 11)
1

fgo (U,U)l{vgan}dudvl{yigan}
- /(Xi ~ BX|0,X = 0)X; — hi2)) K (21) K (22)

fo, (00X — h121,Y; — hazo)1{y, —hyzp<an1dz1dzaliy,<a,}
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Then, observe that [ 24K (z)dz = Oforaodd, [ K(z)dz = land by = [ 22K (2)dz < oo, together with [ 2P K'(2)dz =
0 forbeven, [ 2K'(z)dz = —1 and [ 23K'(z)dz = —3fz2K )dz.

Moreover, using A7, the function fg(u, v)1{y<a,}1{yv,<a,} is three times differentiable on [v, Y;] if v < ¥; and on [V}, v]
if v > Y;. Hence, using a Taylor expansion, we have

5 b h2 0?
F(00Xs,Yi)livi<any = foo(00X3,Yi)l{vi<any + K2 %0 o foo (U, Yi)u=0; x, 1(vi<an)
th% 0? / 4 272 4
+ 2 92p (f90 (QOXi’v)l{Yiian})y:Yi l{YiSan} + Op(hy + hih; + hy).

Similarly, Lemma 3 additionally implies that

00X, Y  vicany = Sl 06X0 YY) (vican)
th2 o° 'x
+5 pay, (X = E(X[00X = w)) fo, (u, Yi)lu—gyx, Livi<an}
brh3 0 02
K2 a 62 [(X E(X|9 X = U))fOO (’LL v)l{”<an}]u:06Xi,v:Yi 1{Yi§an}

+O0p(hi + hih3 + h3).
Finally, repeating the same steps for 5(6} X;) and d(6),X;, ;) we obtain

Cn = Clp + Cop + C1p + O]P’(h’él1 + hg)

where
11
11
_ 1 L
Cin = —gizzl§h1bK(cli+62i)1{Xi€Aa”,}/i>an}?
- b & ([X E(X|0,X = u)]fo, (u Y-))
v f90<9/X17)/1)d Gl T u=0( X;
L (1% = B X = Wil
N — p— 6/
oo x (05 X5) du? u=0)X,
16 d3
_t=0% X, — E(X|0,X = d
+d(Yi,96Xi) /y ooy du3 <[ ol U)]fe(](u’v)>u_9()xi °
and
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Vofo(0'Xi,Y:)o=p, d?
f6‘2 (; 96X) s Wf(?o(uyyi)‘uze{)Xi

) 3} K3
Vod(0' X;,Y;)9—0, / &
d2(9(/)Xu}/z) (Y;,00) du2

Vo forx(0' X;)o—0,

1 x (65.X3)

C24

T (65X0)

*(1 — (51) feo(U,U)uzeg)X,;dU

First we deal with ¢;,,. Lemma 2.3 in [24] leads to

an:H (1_87”)>Yn Snimo

n

where §,, = [s,,/2]. Hence

1
f

As to c1,, and co,,, we will show that E(cy,,) = 0, Var(cg,) = o(n™?1) for k = 1, 2. For this set f3(x, z, ¢) the density of
(X, Z,C) and g(c|x) the conditional density of C given X. By A2 we have

Vnléin| < Z Lp2 Thicleri + caillix,eaeny = Op(n'/®hi(log(n))**e") = op(1).

i=n—=3§n

f3(x, 2, ¢) = g(ex) f(2]x) fx (%)-

Moreover, since fg, (2|05%) = f(2|x), we have that f(x,2) = fa, (00X, 2) fx (x)/ foy x (05x) and [ 1ic<.y f(2[x)dz =
d(0hx, ¢)/ fo; x (0px). Hence

1{z§c,x€ACn} d73

fo, (0%, 2) du?
Aixeamy & /

fe' (0 X) du3 [X - E(X|90X = u)]fGéX(u) fX (X)dX

—0
u=0(x

1{z>c,x€A”n} d? / _
+/d(96x, o /(0700) s [x — E(X|0,X = u)]fo, (u,v) u:%xdv
9(cl) F(2}x) e (x)dxdzde = 0

([x ~ B(X|0)X = w)] o, (u. z)) 9(elx) f(2]3) fx (x)dxcdzde

—0!
u=0{x

E (c1il{x,eaen})

where the last equation is consequence of change v to z in last coefficient and the fact that [ g(c|x)dc = 1. Moreover ¢y;
are i.i.d. and, since h? — 0, Var(y/nc1,) — 0. Hence \/ncy, — 0 in probability.

For cs,,,
Vofo(0'x, 2)g—g, d*
Blentixienn) = = [Tz TG0 Ly (0, 2) o agual 1) () e
o b
v9f9/X(9/X)9=9o " ’
/ 1 cn

] TG X T (i
VQd(QIX, 6)9:9 d2

/1{Z>C}d2(9/0)(76)0 /(C’M)ero(%v)u_%xdv g(clx) f(z]x) fx (x)

I{xeAenydxdzde

_ / 1 NVofo(0'x, 2)o=p, d* fx(x)
B e (Opx,2) du? for x (04x)

Vofox(0'x)o=0, [ d* v o Ix()
+/ Fox (G) /du2 (/ foo( ,z)dz)uzeoxf%X(%X)
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foo (U, 2)|u= g/xg(c|x) l{xeAenydxdzdc




/(1{z§c} + 1{Z>C})g(c|x)1{xeAC"}dCdX

Ved(0'x,c)o—p, d> X
—/1{T,>C}M7fgo (u,U)u:%xg(dx)fxi()l{xemn}dxdvdc

Moreover, 1{xleACn} = 1{f96x o

Hence

E (CQil{X,-eACn}) = E( du?

9(C1]X1)

d(0yx,c)  du? fo, x (05%)

- / |:1{z<c}v9 log fo(2|0'%)p=6, + 1{z>c} Vo log(1 — FG(C|9/X))9—90]

d2
du?

fx(x)  fa(x,2,0)
foyx (05x%) f3(x,2,¢)

( / Foo (11, 2)d2) sy g (€lx)

1{x€Acn }dCdX

—E<[51V9 log fo( 210 X1)o—g, + (1 — 61V log(1 — Fe<cl|e/X1>>e_eo}

& fx(X3) 1 )
du?

(foo (w, Z1))u=0 x, 9(C1]X1)

1 en
foyx (06X1) f3(X1, Z1,Ch) Faeams
(61 X1)>c,} and is measurable with respect to 6 X ;. Additionally,

[x(X1) 1 _ 1
forx (06X1) f3(X1,21,C1)  fo, (05 X1, Z1)

L (foo (u, Z1))u=0} 1
foo(05.X1, Z1)

(1~ 81) Vo log(1 — Fy(C110'X1))oa, 04X1, Cr, zD —0,

where the last equation is a consequence of Lemma 4.
Finally, v/nca, — 0 in probability, which completes the proof.

Now we need some properties of the Kaplan-Meier estimator.

Lemma 6. Under A9 we have

1-GYi—) _
B Ty - or):

Moreover, set Ho(s) = P(Y < s,6 = 0). Then we have

Ga(t) — G(t) = % E Y(Yk, Ok, t) + Ru(t),
where
1— 5 Hy(ds) Live<sy — H(s)
§ - 7k — WSSy TP
Pt =y s /(_m,t] T HG) /<-m,ﬂ (1) el

and for rp,/n T, (n —ry,)/log(n) — oo and each e > 0

1 24¢€
sup |R,| =0 (M) with probability 1.
t<Yr,.n — "2n
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1{f96X(66X1)>cn}E {&Ve log fo(Z10'X1)9—0,

(A.1)

(A2)



Additionally,

_ @) log(")) with probability 1
sup |EnD =G0 G(t)‘ ( nran P » (A3)
1<Vl 1= G(1) O( 1 )
P Vn—r,

Proof.
The proof of (A.1) can be found, e.g., in Zhou [31]. Equation (A.2) is a consequence of Theorems 1.1 and 1.4 from Stute
[24], while (A.3) follows from Theorem 2 Csorgd [4]. Both rewritten for case where C' ~ G is a variable of interest
observedif 1 —§ = 1.

X

Lemma 7. Under the conditions in Theorem 2 we have

1 - 1 e -
Bip=-Y Hij+-> N —1/2
1 n 2 15+ n & 1k + op(n )s

where
[ 6J1{YJS0«”} d
Hy; = *ﬁ%_)a[(E(XH@oXi =1) = X)L = Goo (Y; = [)) 15, ()>ent]e=00x;
E(%CH[(E(XMOXi =1) = X;)(1 = G, (Y; — |’5))1{f96x(t)>cn}]t—90Xj>a
and

/(/)(Yka 5]67 U_)

1— G(’U—) f(u’v)l{vgan}dud’l).

_ d
Ny = —/%[(E(XWGX =1) —u)(1 = Goo (v = [) 15,  (t)>en}li=04u

Proof.
Let Hi(z,y) = P(X < z,Y <y,d = 1) and note that, under Al and A3, we have

Hence

1~ A0 X5, Y5) 90, — P10/ X5, Yi)o—g
By, = =) 4 Lo LT X e Aen Yi<a
1in n ; i fGo(e(/)qusz) {X;€An Y;<a,}

1 ¢ 9 1 diliy,<any 0, X; — 0LX; Y, - Y;
- = v EELU S GRS ‘gAY * A i Ul Vil B [ -l e B |
n;feo(%Xi%)[h?hzn;lGn(Yj)( e (B e (V)

Ve
1 G’Xi—(?’u }/;—U 1 v<ay,
,r%h? /(X1, - U)K’ < 0 " 0 > K ( " ) 1 —{é(v}—)Hl(du’ dv)} 1{f9()x(96Xi)>cn7Yi§an}'

where K'(t) denotes the derivatives of K with respect to ¢.
Finally, using

1 _ 1 n Gn('U_) - G(’U—)
1-G,(v—) 1-Gw—) (1-Guw-))1-Gp(v-))

we obtain the following decomposition
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Bln = bln + b2n + b3n7

where
bin = Z Fou( Q(SXZ,YZ) {thILQn Z & 1{5(;:"}) (X; — X,)K' (%Xi}:l‘%Xj> K (Yzf;yj)
_h%hg /(Xz —u)K’ (W) K (Yzh; U) lljvgzn} )H1(dll dv)} Loy x (09X i) >0 Yian)
= e 1 e K () () S e
1{fezx(a X;)>cn,Yi<an}
= ZZ e < () () S e

1{Y]§an} {f%x(eoxi)>cn,mgan}-

Using (A.1) and (A.3) it is easy to prove that, choosing 7, = n — s,, and s,, = cn?/3(log(n))?*=*, we obtain /nbs, =
op(1). Moreover, we have

ban = ba1pn + baop,

where

(X — X;) 00 X; — 00X Y: =Y\ Yy, 0, Y;—)
A K'<0103>K(’ J> Ok, Y
2t h2h2n3 2;;2 fgo (0, X;,Y;) hy ha 1-G(Y;-)
1{Yj§an} {foy x (04 X:) > Yi<an}

) ’ 06X1 — 06X] Y; — Y} Rn(}/j_)l{Ys<an}
baop, = K K =
2 h2h2n2 ZZ feo 9/)(“1/) n e ) (-G,

{fa{)x(eoxi)>cn7yigan}'
As to baay,, according to Csorgd [4], for n large enough and with high probability
an=H'1-") <y, .,
n
where r, = n — [s,/5] + 1 and s,, ~ n/3(log(n))?>***. Hence, using Lemma 6 with ¢ < ;, we obtain

sup |R ()] < sup Ry ()] = o(n™?/?)

t<an tSYn,L in

and

Vnbagn = op(n~YOhTY) = 0p(1).

Concerning by, set
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E
Il

1 5 5; 0,X; — 04X, Y, - Y;
= i X; — XK' 20 70 ) g v I 1sv
hiha fo,(05Xs,Yi) [1 - G(Yj—)( i) ( hy ) < ha > isan}

0,X; — Gju Yi—v\ l{v<an}
_ /(Xz —u)K’ ( 1h1 K 1h2 T Gl Hy(du,dv) 1{f96X(96X¢)>cn7YiSan}

and
H; = E(H;1X;,Y;,0;).
Then
n n B n n B
Vnby, = ni\/; ZZ(H’LJ — Hj) + ni\/; Z ZH]‘ = V/nbi1, + V/nbian. (A4)
i=1 j£i i=1 jAi

For the first term, observe that

E(Hi; — Hj) = E(Hy;; — Hy|X;,Y;,0;) = E(Hy; — Hj|X;,Y;,6;) = 0.

Since the goal is to show that the vector v/nbi1,, € R goes to zero in probability, it is enough to prove that component-
wise. Let denote by (v),,, for m = 1, ..., d, the mth component of vector v € R?. Hence

% ZZ Z ZE((Hij — Ir]j)m<Hkl - Hl)m)

i=1 j#i k=1 l#k

E(ﬁ ;;(Hw - ﬁj)m)

1 _ _ _
= E[E(Hu — Hy)?, + E(Hoy — Hy)p(Hiz — Ha) ).

Let consider first F(Hy — Hy)?,. Using A3,

02 1
E((l “ G X2> “1-G(Z)

and, since Z; > 0, we have componentwise

1

n

1 _
EE(HIQ — Hy)?, <

1 011( 1,1 4 (01X 1)>cn,0<Y1 <ap 0<Ys<an} 5
E((Hp)) < ( X : - 2

hih3 3, (05X1,Y7) (1-G(Y2))
0, X1 — 0, X. Y; — Y

X — X2 (K2 021 02 K2 1 2

R S -

- 1 /f(u’v)(l_G(U+h2z2_))1{f96x(96u+h121)>cn}

hi’hg f90(96u+h121,v+h222)(1 — G(’U—))
E[(X1 —u)7|06X1 = 6pu+ hiz1]1{0<v<a, 00t hozo<a, }d21dz2dudv.

(K')? (21) K? (22)

; fluv) _  fx(u) L.
Moreover, since Fog Ogmt) — Topx (Tpu) the first term of a Taylor expansion is just

fx(u) / 2 2
E[(X; —u)? |0,X, = 6)ull / —=~ _du [ (K’ K dz1dzs.
/ [( 1 )m| 0<*1 0 ] {f%x(aou)>cn} ‘-96 (06 ) ( ) (Zl) (22) z1az2
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Hence, using A5, we obtain

1 a
LE((Hp)?) < —n
n (Hi2)m) < cnnh3hs

where C'is a constant.
Moreover, according to inequality (1) in [22], we have for p = j/n

where o = Var(Y) < co.
Furthermore, according to the inequality in Proposition 1 in [10],

E(Yjn) =0(/(j = 1)/(n—j—1)=0(/(p—1/n)/(1 —p—1/n)).

Hence

n

an <H ' <n[m> = O(n'/%)

and , using A6, we obtain %E((ng)fn) = o(1) for m = 1, ...,d. A similar property holds for E(Hz; — H1),,(Hyo —
Hy),,. So that

Vb 5 0.
For \/nb12,, using A2, we have

= 1 Liz<ey 0 z— 00X, 2 =Y
H = FE = J E(X;|00X;, =2)— XK' | —222 K J
! <hfh2 foo(w,2) 1 — G(Yj—)( (Kilfo ) =X5) ( hq ha

f@o (Iv Z)ggo (C|I)1{f9/ x(x)>cn,Y; gan,zgan}dIdCd'z

1{Z<C} , (x—6ju z—0
h h2 // f90 Z, Z X |00 ) U)K < hl >K< h2 )feo(xvz)g%(dx)

f(u, v)1{109,0)((gc)>cn,vgan,zgan}CZLICdCdZdudU|Xj7 Y;, 6j>

Finally, using a change of variable and a Taylor expansion, we obtain:

H; = Hy+hy,
where
] 5, d
Hy; = ) dt[( (XilboXs =) = X5)(1 = Goo (Y = [1) L7, (1>} li=00X; 11, <an)
0il1y,<any d
+E(1 — G(Yrjif) %[(E(szon = t) — Xj)(l — G90 (Y} — |t))1{fgéx(t)>cn}]t_90Xj)
and

hlj = O]p(].).
Moreover, h;; = H j— H 15. Hence hq; are i.i.d. with expectation 0. Hence ﬁ Z?Zl hi; — 0 in probability.
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For b2y, equation (A.1) leads to

B X)), (00X — 04X, Yi = Y5\ (Vi 6k, Yi—)
Vinbai, = 120, ngzzz feo g/X“Y?)K h1 K ha 1-G(Y;-)

i=1 j#i k#i,j
L foy x (0 X0)>en Yi<an ¥y <an} +0p(1)

Set

N = L 5i5j(Xz'*Xj)K/ 00 Xi — 0p X r(Yi—Y ¢(Yk,5k7Yj*)1
YET h3hy fa, (05X, Y5) hy ha 1= G(Y;—)  opx BoXa)>en Y Yisan) -

Since E(¢(Yk, 0k, t)) = 0, we have

E(Nijr|Ys, 04, Xi) = E(Niji|Yj, 05, X;) = 0.

Set

Ny = E(Nyj|Ye, 0k)-

Hence

ben—fZZZ ljk}_Nk? fi k+0]P’
k=

1=1 j#i k#i,j

Moreover, since E(t(Y%, 0x,t—)) = 0 we have, for every componentm = 1, ..., d,

n 2
n _ _ _
E<:{; SN (Niji - Nk)m) = n 2E(Nigs — N3)i, + 1" "E(N123 — N3)um (Ni2s — Na)m
i=1 g kg
+n " E(Ni23 — N3)m(N1az — N3)m + 1" " E(N123 — N3)m(N124 — Na)m

Furthermore, we can show that

B (Vi 01,t)) < 4

Moreover, since f = Gg(l? j < 00, there exists some constant K¢, so that

1—F(t—) < Ki(1 - G(t—))

and
t—) <\ Kij\/1—H(t—).
Hence
4/ K
E(d)Q(Ykaékat_)) < m
Additionally,

(1 - H(a,—)) " = (">/ _ o(n/?),

Sn

30



Finally, for every m = 1, ..., d, we obtain

7’7,72E((N123 — Ng)fn) = OP(n72h1_3h2_1n1/2) = op(1)
n" E((Ni2s — N3)m(Nazs — N3)pm) = op(n~th?nt/?) = op(1)

W B((Nias = Na)u(Nigg = Ny)m) = op(n ™ by *n/?) = 0p(1)
and, since E(¢¥(Yy, 0, t—)) =0,

’I”L_lE((N123 - NS)m(N124 - N4)m) =0.

Hence, as before, the first term goes to zero in probability. As to the second, set

V 1 Liz<ey , ,(x—6hu PR
N = = (B(X|0)X = ) —u)K K S
k h%hz f@O(CC,Z)( ( ‘ 0 $) 11) By Iy ’L/)( ky Ok, U )

f(,v) f30,(x, 2, ¢) 155,  (2)>cnw<an,z<an,}drdzdcdudy.
BOX

Using Taylor expansions we can show that N}, = Ny + ny, where

= d
le = / @[(E(XWZ)X = t) - u)(l - GGQ (U - |t))1{f%x(t)>cn}]t:0(’)uw(Yk75kavf)f(u7v)1{v§an}dUdrU

and n1; = op(1). Finally, nyj are i.i.d. random variables with expectation 0. Hence ﬁ > p—y nik — 0 in probability.

This completes the proof.
X
Now we state some similar lemmas.

Lemma 8. Under the conditions in Theorem 2 we have

1 - 1 - -
Bsy=—Y Hsj+— > Nag+op(n'/?).
3 "2 35 n 2 3x +op(n™ /%)

where
= 5.71{}/J§an} d
Hs; = ﬁ(l/j—)a((E(X“%X =t) — Xj)l{f%x(t)>cn})t=9éXj
0il{v,;<a,} d )
~B( O S (BXIGX = 1) = )15 e i, )
and
_ d
Nop = [ (B(XI06X =) = w)l{s, >e. =0t (Y, 05, v=) f(0,0) L u<a, dudy.
dt 0

Lemma 9. Under the conditions in Theorem 2 we have

1<~ 1~ 5 —1/2
B5n:ﬁZ;H5j+ﬁ;N5k+O]p(n )
‘77 =
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where

0jl{v;<a,} d

Hs; ToG0-) d [(E(X3]00X; = 1) = X;)Goo (Vs = [£)115,,  (t)>en)]e=05x;
0i1y,<any d
+E 1-G(Y;-) @KE(XAGUXi =t) — X;)Ge, (Y; — ‘t>1{fg(’)x(t)>cn}]t:96Xj )
and
— d
Ngi = — / T (BX100X =) = w)Goy (v = D)1, , (>t =ut) (Vi Ok, V=) {v<a, ) f (0, v) dudv.

Lemma 10. Under the conditions in Theorem 2 we have

1 n B 1 n B
Bopn ==Y Hyi+-> N —1/2,
2 n; 2y+n; ok + op(n )

where
7 / / / ’ 6j1{3/j§an}
Hyj = E(E(Valogfox (0 Xi)a=0,00X: = 05X;)(1 — G, (Y; — \90Xj))ml{f%x(eng)xn}
J
51y <a.
—E(Vologforx (0'X:)o=0,100Xi = 05X;)(1 — G, (Y; — |96Xj))M1{fe,X(aij)>cn}7
1= G(Y;—) Hooxto
and

NQk = —/E(ngg(a/Xi)(g:gow(l)Xi = u)(l — Geo (U - |u))f90 (u, 7))1/)()/—]€7 51@7”_)1{f%x(u)>cn,v§an}d“d”~

Proof.
The proof is similar to the proof of Lemma 7. Observe only, that using Lemma 4, we have

E(Volog(fo(0'X:,Y3))0=0,100X:,Yi) = E(Volog(fo(0'X:|Y:))o=0,100X:, Yi)
+E(Vglog(forx (0'X:))o=0,100X:) = E(Volog(forx (0'Xi))o=0,100X:)

Lemma 11. Under the conditions in Theorem 2 we have

1 o - 1 o -
Bin ==Y Hij+-» N —1/2,
4 " 45 + n & 4k + op(n )

j=1
where
gy = Jilse) pog ) 0 Xi)o—o, |00 X: = 04X ;)1
4 = 1—G(Yj—) ( 0 nge’X( 1)0:90| o<vi = Vg J) {f%x(g(’)Xj)>cn}
5j1{Yj§an} ’ / /
—-F WE(VQZOQJCO’X(H Xi)0:90|90Xi ZHOXj)l{f%X(e(’)Xj»cn} ,
and
]\_f4k = /E(V@logfgfx(alXi)gzgo|96Xi = u)iﬁ(Ym(5k,U—)l{vgan}fgo(u,U)l{fg,x(u)>c"}dudv.
0]
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Lemma 12. Under the conditions in Theorem 2 we have

1<~ I - 5 —1/2
Bﬁn:ﬁle6j+ﬁ;N6k+OP(n )
j= =

where

. 9il{v;<a,

Hgj = —Go,(V; — |96Xj)#&_})E(Velogfefx(@&)e:eo|96Xi = 00 X)L (£ (05 X;)>cn)

J
0iley.<an,
+E <G90 (Y; — |96Xj)%E(Wlogfe/x(H'Xi)azoo|96Xz' = %Xj)l{f%x(%ijcn})a
J

and

Now = = / E(Volog forx (0'X:)o—s, |05.X: = u)Gay (v — [u)h(Vi, 61, v—)Goy (v — u)
Foo ()14, (w>e,0<a, ) drdudy.
Lemma 13. Under the conditions in Theorem 2 we have

Bin 4 Bayn + Bsy 4 Ban + Buy + Ben = op(n~1/?).

Proof.
Using Lemmas 7-12, we can show that

Hlj Jngj +ﬁ5j :ng +H4j +H6j =0

and
Nij + Nsg 4+ N, = Nog + Nag, + Nej, = 0.

Lemma 14. Under the conditions in Theorem 2 we have

Ay + Agn + Agn + Aron + Arin + Ar2n = OP(TFI/Q)-
Proof. See Appendix Appendix B.
Lemma 15. Under the conditions in Theorem 2 we have
17(0) — 117(0)

Proof.
We have

i20) = %i [52‘

2 H0'X,,Y;) P2(0'X,,Y;) 30X, 2(0'X;)

d(0'X;,Y;) d2(0'X;,Y;) 3(0'X;) 2(0'X;)

Livi<a,,XicAen}

(1 - 5,)<d[2}(9/X¢,Yi) _ dM (0 X, Yi) (dM (0 X5, Y))! X)) s X)) (M0 X))

Recall,
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, ]. 5j _ ) _ Nt 9,56 — Q/Xj Yy — Y}
(y,@ ) hsh Z {Y <an} 1 G(}/]_) (fE X])(x X]) K hl K hQ .

Since a,, — 7 and ¢, — 0, it is easy to show, that

20z, y) {fg tLy)E((x = X)(x— X)"0'X =t)},_,, in probability.

dt2

Moreover, using Lemma 3, it can be proved that

& o 0B~ X)x— X)X = 1)}y, = 120x.0).

Similarly, it can be shown that 5[2/(6'x) — 5])( (0'x) and d2(0'x, y) — d}f] (0'x, y). This completes the proof.

Proof of Theorem 4.
In view of Lemma 2, It remains to show that

12
> A 0.
k=1
For this, note that for every € > 0 there exist a small ¢ and a sequence b,, — 7 so that
1— H(bp) =< and P(Y; < by, for i=1,..,n) >1—c.

n
Additionally, observe that the remainder R,,(Y;) in Lemma 6 can be written as

Ro(Y)) = Ro(Y) Ly, <van oy T B (V) lpyysy, ooy

with 3,, ~ n'/%(log(n))?>*1. Hence

Ra(Y;) = op(n™ %) + Op() 1y, 5y, 40y

The proof goes similarly to proofs of Lemmas 7-13 with a,, replaced by b,, and using (A.5) when necessary.

Proof of Theorem 3.

(A.5)

According to Proposition A.9 from [17] we may replace A" = Af» = {x: fo x(0,,X) > c,} by A = A> = {x:
foyx (0px) > ¢, }. The rest of the proof is similar to the proof of Theorem 2 but it is much longer. Since the proof is

similar to the proof of Theorem 2 but it is much longer, we will present only parts of it in Appendix C.

Appendix B. Proof of Lemma 14.

Let first consider the terms in Ar,, and Ag,,. Recall

) [af“”(esxm oo (05X, Yi)) (oo (00X Yi) = 706X, Y5))
n 7

A n == —_ 1 i Acn’ <an
7 5, (06X, Y5) {X;€Aen Yi<an}

i=1
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and

n A
(fo, (00X, Yi) — 7(6pX5,Yi))?
Agn 8; Vg log(#(0' X;,Y:))|e=0 > lix,cAen vi<a,}-
8 ﬂ;[ ))| o ngO(%Xz,Yz) {X;€An Y;<a,}
Set
(00X, V7) — fin) (66X, V)
r 0<*1s L2 0<*1y
M, (X;,Y;) = lrx. caen
(% 1) fo,(05X:,Y7) {Xsesn )
Joo (05X, Y5) — 7(06X5,Y5)
Nn (X3, Y; Lix.cAcn v.<a. -
) foo (06X, Y:) fredmyisen)
Hence
1 n
Am = = 8iMu(X;,Y;)Na(X5,Y5)
n
i=1
Agp = fz(s Vo log(#(0'X:,Y:))lo=a, N2(X;, Y5)
Moreover,
Mn(X“K) = Mln(XuE) + MQn(Xi,Y;L)a
where

A0, X, Y;) — FU (05X, Y5)
M1n(X¢,Yi) = . fa (G’X» Y.)O {Xi€An Y;<an}
o 1y L1
A0, X, Y:) — fi(00 X0, V)

Mn X’“Y; N ; Cn i Sa .
! ) fo, (04X, Y7) [X,€An Yi<an}

Further sup,, , [ M, (,y)| = Op(h3 + h3). As to My, recall

1 1 314y, <an} ) (oXi — 06X, Yi—Y;
Mln(XwY;) - feo(%Xz',Yi) l:h%hg’ﬂz ].*GR(YV]*) (Xz _XJ)K hl K h2

1 00X — 0hu Yi—v
77h2h2 /(Xz — U)K <0h10> K( I )f(u’ U)l{vgan}dUdv]
1

Livi<an} Migoy x (04 X0)>cn}

Hence

My (X5,Y5) = Miin (X3, Y:) + Mi2,(X5,Y5),

where
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g x@px>eny [ 1 5;1(y <a 0 X, — 0 X, vV _v.
My (X, Ys) = — [ > {Y<"})(X X)K’(O T J)K(l J)

foo (00X, Yi)  Lhihan < 1= G(Y; h
1 0,X; — Oju Y,—v
_}%/(XL —u)K’( 0 " 0 )K< " >f(u,v)l{v§an}dud’0:| 1{Y£§an}
1 6;(X; ) Xi — 06X Yi Y
M2, (X5, Y;) = K
12n( 79 Z) h2h2n Z f90 (0 X“ Y) < hl h2
Gn(Yr) G(Y;-)

0G0, Guly; ) 5ot e X070 ¥ison)
Moreover, note that, by (A.3),

Gn(t) - G(t)
1—G(t)

sup
t<Yr,:n

‘ =0(n~'?%).

Hence, by choosing 7, = n — [s,,/5] + 1 and since a,, <Y, ., with high probability, we have

sup | Miz,(z,y)| = Op(hy 'n /%)
x,y

and using Proposition 6 in [1],

sup | M1, (2, y)| = Op(n~ Y20 *2hy "2 (log(n))V/?)
z,y

For N,,, we have

No (X3, Y;) = Nin (X5, V) + Non (X5, Y5),

where

NTL X’L?E = 1 . cn
(X010 Fon O X i) e

o, (60X, Y3) — 7(60X:, Y3)
Nop(Xi,Yi) = = Fou (05X, Y)) Lix,cAen}-
0 1y 1

Furthermore, sup,, , |Non (2, y)| = Op(h + h3). As to N, recall

5; 1 0/ X, — 0hu Y, — v
N (X, Y;) = L K2 0 )g (= 1 dud
(X Yi) foo (06X, Y3) [hlhz/ < hy ) < ha >f(u’ o) oo, dudy

o h1h2n Z -G J(Y._) K ( hl K h2 1{f96x(9(/JXi)>Cin§an}
J#i "

J

Hence

Nin(X3,Ys) = Niin (X5, Y3) + Ni2n (X5, Y3),
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where

1 1 0. X, — 6'u Y, —v
Nin(X:Y;) = K22 0 ) g2 1 dud
11 ( ) ) fgo(e(l)X“}/l) |:h1h/2/ ( h/l > ( h2 )f(u7v) {US(ML} uav

1 Oilgy,<any o (00Xi — 00X, Yi-Y;
~ hihon 2 1— Gj(yj_)K Iy =7 L foy (04 X0)>en Yi<an}
J#i

1 0jL {1y x (61X >cn Yi<an) (96Xi - 96Xj> K (Y - Yj)

Nizn(Xi, Vi) = =
t2n(X0 1) hlhzn; foo (05, Vi) h hy

Gn(Y;—) —G(Y;-)
(1 - GY;—) (1~ Gu(y;—)) Dot

Moreover, using Proposition 6 in [1],

sup [ N11n (2, 9)| = Op(n~Y2h 21y 2 (log(n))/2).

z,y

and, by (A.3),

sup [ N12,(2,y)| = Op(n=1/3).
x,y

Finally, it can be shown that

ViAgy = 0.
For \/nAz, we need to show that

1 n
Vn— Z@Mlm(Xi,Yé)len(Xi?Yi) 50
nia

1 n
\/ﬁﬁ 26iM12n(Xi7Yvi)N11n(Xi7Y;') E) 0

1 n
\/ﬁ; > 6iMiin(Xi, Yi) Niin (X5, V) 50

i=1

1 & P
— Y 0;Mi1n (X5, Yi)Nop(X;,Y) = 0
Vi 8iMian (X5, Yi) No (X3, Y7)

i=1

and

1 & P
— Y 0 M2, (X5, Ys)Nopn (X3, Y5 0
\/ﬁnz 12n( ) Non ( ) —

i=1

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

As to (B.1) and (B.2), we choose b, = H~ (1 — %") with §,, ~ n%/%(log(n))?>** and write Ly, <ant = Lgy,<bay +

l{bn<yj <an}- The proof follows from (A.3) and uniform bounds for Mj1,, and Ny1,.
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For (B.3), set

0, X; — 0, Y, —
wl(Xi’Yianvijdj) = /K( - Zh Ou) K( zh U) f(uvv)l{vﬁan}dUdv
1 2

Alvi<a (06X1- - 96Xj) . (y;. - yj)
j hy ha

and

'Y. _ @ L
Vo(Xi,Ys, X;,Y;,6;) = /(Xl-fu)K' (W)K(Yzh v) f(u,v)1<q,1dudv
1 2
8iliy,<any 0,X; — 0)X; Y;-Y;
— Y=t (o X K’ 0> 0 ) K 4 J
1—G(Yj—)( ) ( hy > ( ha )

Then the term (B.3) is equal to

Vi d;
a7 270 7¢ Xi7YaX'7Y'75' w X'aY’i7Xk7Yk76k .
ni”h?h%;;gfgo(%&%) 1( iy gy J) 2( i )

Moreover, form = 1,2

and

E|wm(Xl; Y’ia Xja ija §j)| = O(hth)
Hence (B.3) is fulfilled. For (B.4) and (B.5), observe that
o1 d*
22 dy?

Hence, it remains to prove that

1 d?
Nan(X0,5) = = W s o0 Kooy = 5 s o ¥l | [ 2K (20 + Ol 4 1),

Vi dih2 (X5, Y3, X, Y5, 6;) ,1 d? / o1 d P
» B2 R0 X, ) ey — B2 = o, Vi) oo x|
n?hihy i f3,(06.X3,Y5) h22dy2 Jo0' X )l h12 dx? Jo(@,Yi)lo=ox, 0

and, using Lemma 6, that

VI 0;(Xi = Xj) . (06X — 0 X, Yi = Y5\ (Y, 6, Yi—)
—_ 0; K K
n3h%h2 ZZZ f920 (496XZ, Y;) hl hg 1— G(Y—)

i=1 j#i ki J

1 d? 1 d? P
1{Yj§an}1{fséx(96Xi)>c,L} {— hgidfﬁfg(ﬁ’)(i,y)ly:yi - h§26m2f6(13>yi)|x=6'&} — 0.

The proof is similar to that of Lemma 10, with the difference that we have and additional term which goes to zero when
n — oo.

The remaining terms Ay, for k = 9, ..., 12, can be handled similarly.
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Appendix C. Proof of Theorem 3.

The proof follows the lines of that of Theorem 2. However the deterministic sequence a,, has to replaced by a,, = Y, ..
For this reason only three chosen auxiliary results are shown here.

Lemma 16. Under the conditions in Theorem 3 we have

Xieaen} = 0p(1)

nin;

1 n
% E |:(5Z-V9 log fg(Y;‘QlXi)ezoo + (1-46;)Vglog(1l — Fg(Yiw/Xi))ozgo Lvi>y,
=1

Proof.
Set

A; = 6;Vglog fo(Yil0' Xi)o=0,1vi>v, ... X,cA0n}-

We will show that, for every component m = 1, ..., d of the vector A; € R?, we have

1 n
E(—= ) A2 —o.
For this, let us consider
E(ﬁ DA = - DD E((Aidj)m) = - YD E 0:0;5p— l0g fo (Yil0' Xi)o—0,
i=1 i=1j=1 i=1 j=1 m

0
70 log fo(Y; 10/ X3)0=00 1 {11, (vi)> 2 1, (v;)> 2 1{X,-,Xje,4cﬂ,}>

1 & ) )
= L5 85 o8 S Kooty 108 S Y, 0 o

i=1 j£i m

1{Hn<Yi)>’;:,Hn(Yj>>";:L}1{Xi,xjeACn}) +O0(n3(log(n))*+er)

Further, setting H;(i)(v) =1 > kzi L{vi<v}> we have

=1

Lm,(v)>m 1. (v)>my = 1{H,,:<i) (Vi)>mn=t f @) (y;)>rm=1y (Hy 5D (v)>mn=t g0 (y;)>rm=ly

Tl 69 (v)> et g6 (v)=m=1 y, cyy)

G vy s mazt g6 (y)=rast v oy

- 1{H;(i’j)(Yi)>rnn_l,H;(i’j)(Yj)>T"’n_l}

Additionally, using Lemma 3 and since 1;x,cacn} = 1y, (04 X:)>cn} is known given 6} X;, we have
0

E <5ZVQ IOg fg(Y;;w/Xi)g:eo 1{H’;(i,j)(yvi)>r”771} ‘CZ, Zi7 96X2, Y; fOI' S # ’L) = O
This completes the proof.

Next we will deal with a version of Lemma 7, but for the choice a,, = Y. ..
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Lemma 17. Under the conditions in Theorem 3 we have

1 x5 1 4 _
Bln:ﬁZH1j+ﬁZN1k+O]p(n 1/2),
=2 k=3

where
: Oib (00 (v < a2y d
Hy = ——— = GOY,—) S [(E(XilfoX; = 1) = X;)(1 = Goo (Y = [0) 15,y (9)>enlt=t0X;
J
531 (1,9) ” d
{H; D (v;)< =2y .
+E< 1—G(Y _) dt[( (XZ|90XZ :t) _Xj)(l_Geo(ij - |t))1{f96X(t)>cn}]t—00Xj|Ysa5#])7
J
and
N d (Y, Ok, v—)
Ny, = / dt[( (X‘G' =t)—u)(l— GGO(U - |t))1{fgéx(t)>Cn}]t:96um
{H;(l,z,k)(y)gw}f(u,’U)dudv.
Proof.
As before
Bln = bln + b2n + b3n7
where
1 i 1 diliy, <y, .y (9’X»—9’X-> (Y»—Y»)
bn = - : = tnin Xi—X‘K/ 0 Unat K ¢ J
' ”;feo(%Xi,Yi) {h%hm; 1-G(Y;-) ( i) hy Iy
1 0 Xi — Gou Yi— v\ lo<vi,m}
7h2h2 /(Xl —u)K’ ( 0 - 0 >K( " ) e _>H1(du dv)} l{fe,X(g Xi)>en Vi<V, o}
Xj) o ((60Xi — 00X; Yi =Y\ Ga(Y;—) — G(Y;—)
? h2h2n2 ;%: f@o 0’ Xz,Y,) hq ho (1-G(Y;-))? {Y;<Yr, i}
{fe’x(‘g Xi)>cn7YiSle:n}
Xj) s (%Xi - 96Xj) (Yi - Yj) (Gn(Y;—) = G(Y;-))?
8 h2h2n2 ZZ fgg 9 XZ,Y) hy ha ) (1—G(Y;—)2(1 — Gu(Y;—))
Ly, smm}1{f%x<00Xi>>cn,yigyw}-
We have
\/Ebln = \/725 ZZH”,
[
where
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1 5; 5; (00X — 04X Y- Y;
_ X, iy
h%hg f90 (elon, }/1) |:1 - G(ij) (XZ X])K ( hl K h2 {YJSer,:n}

0o Xi — fpu Y;—v) 1
_ o / 04 0 i {v<Yr,n}
/(Xz u)K ( h1 )K( - ) : _G(U_)Hl(du,dv)}

Loy (05 X0 >0 Vi<V n}-

Additionally, we define
0ilif,, (6 X)>cnt [051 =G S Y. gl v
e 1 oy x (B Xi)>en} | 995 (1, 09 (v;) < 1o }(X-—X-)K’ 00X — 05X K Y; =Y
YT h3hy fe, (04X, Y5) 1-G(Y;-) ' ! hy ho
0X; — Ohu Y — v\ Lmg 60 (wy<m=2y
P ! 0 * 0 ? ki — .o
_/(X’ w)K ( hy )K( hay ) 1—G(v-) Hl(du’d”)]l{Hn“’”(YiKW}'

As first we show that

— ZZ(H@' — H};) = op(1). (C.1)

For this we consider following indicators

Ly vy = syl 6oy cmez goGo vy <mmty
LY 00 (v < ract b 09 (v < a2y
1 (i oy, — —(%,7 'n —
{Hn(q'ﬁ(Yj)S"T27Hn“’”(Yi)S"TZ}

and

]-{vSanm,}]'{YiSYTnm,} = 1{Yi§v}1{H;<i)(v)Srnn—l7H,;<i>(m)§mn—1} + 1{Yq‘,>v}1{Hg(i)(U)S%Jq;(i)(yi)éTn;l}
Lmr® y<mast my @ vy < rastys
Moreover,

L O @< mzt iy 0 g mazty = Wil Lz oy coumt gz vy < mmty T 100l gz 0y cmamt (v <zt

n

= 1{}/J§}QS’U}1{H;(%J)(U)S Tnn—Q’H;(’ivj)()/i)S Tn:’L—Q} + 1{K<}/JSU}1{H;(1’J)(U)S TyLn—Q’H;(ivj)(Yvi)S Tnn—l}
+1{Yi§v§Yj}1{H;(ivi)(v)S Tnnfl)H;(i:j)(Yi)S an:l} + 1{Y1>Yi>”}1{H5<i’j)(v)§%7H,f“'”(Y,L-)g Tnnfl}
+1{)/Z2Y]>’U}1{H;(7’7)(’U)§%,H;(1”(Yl)g 7'nn*2} + 1{n>v2}/ﬂ}1{H;(77)(U)§ 7'nn*1 ,H;(i'j)(Y;;)S 7‘”7:2}

1{H,;(i’j)(v)§ rn—2 7H,;(i’j)(Y'i)§ Tnnf2} + 1{}/11<Yj§7}}1{H;(i’j)(Yi)=T"71 ,H,,f(i’j)(v)g rnn*Q}

n n

+1{Yi§”§Yj}1{H,j(i’j)(v):T"n’l Hi 49 (v < ra=1} + 1{Y7:§1)SY7‘}1{H5(1‘,J‘)(U)§ T"nfz,Hg(i’”(Yi):r";l}
Ty >vis o (09 ()< m=2 g6 (y,)=m=1y T 1y, >Visep L6 () eprazt ra) g ) (v, < sty

vy ot e ezt mmy o (v <mzzy V02V 60 )2 rast g0 (v <oy

v 0 n
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Observe that
Livi<ys<or g 00 (v)mrazt s 6 ()< a2y = 0
Yvicosyiy pr 6o )< maz2 6 (v =zazty = 0
Lyi>vis oyl o9 () eprazt my gy 69 vy raz1y =0

Ly ot L 6 ezt s 09 (v a2y =0

and

Loy g om0 vy < a2y = 0

Hence

Lm0 )<zt gy @ vy < sty L 09 (o)< =2 1760 (v;) g a2y
+1{Yi§US}/j}1{H;(j’j) (v)=rn=l 59 ()< m=ly
Pl vis o (e @) cmzz g ()= maty

Finally, we obtain

H;; = H+ Ty,
where
- 1 9il{s, @ x)>en) /<X K (90 90u>K(1@-—u)
i = = i—u
! hihy  fo, (06X, i) hq ho

(1{“”5’9}1{&“*”w):“;,1 Hy D (v < ety

1
Jrl{yj>yi>v}1{H;(i,j)(v)S rn=2 7H;(7ﬂ,j)(yi):rnn—1 }) T@—)Hl(du’ dv).

Hence, the quantity in (C.1) equals

N B n'2n—r,
FZZTW = T, +0p Why n2 )

where

. 1 f Z {fe'X i)>cn} , 96XZ—9611 Y,—v
Fin = h%hgnz;%: exl,yl) /(XZ “)K( I K h

1
l{yigung}1{H;(i,j)(v):rn{1 Hy 6D (v;) <1y mHl (du, dv)

and, sincen — r,, ~ n?/3 (109(”))2+€1
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ni/2n—r, (log(n))*+e
_ = O —_— = 1 .
OP(h%hg 2 ) IP’( n5/6h§h2 ) op(1)

Further, we can rewrite the 77,, as follow

2L il 0 x> en) 0 X; — u Y — v
Ty, = X, — E(X|0,X =u)K' | 2= N —
R D e 3

1{Y7~,§U§YJ } l{H;(m ()= =1 pr ) (v < a=1 ) oo (u, v)dudv

Moreover, by change of variables and Taylor expansion, we obtain

f 0ilif,, (05 >cn}/d
= X, — E(X|0,X =t LY o x. K
Z; gk ) @i~ BXI0X = 0oy (8 Yhwyx, K (22)

1{Yi<y.+h2z2<l/j}l{H;(i'j)()/7;+h222):7‘7’T_1,H;(i’j)(Yi)grnfi:l}dZQ
+05(h2n 2 (log(n))* 5 n=Y/3) + Op(han'/*(log(n))?+e1n=1/3),

The last two parts are op(1). As to the first one, note that

- o 1
r 1}m{Y;-§m+h2zQ§Y-}m{Hn<w>(Y;)s r

{H; @D (Y; 4 hyzy) = }

G{Hn(YmthzQ):—}ﬂ{H (Y;) < —}f{Y € Yo, +hoz2, Ye )}

Further, if supp(K) € [—a,a] and since Y; > Y. .,, we can show that

\/> 51{f9’X9/X')>Cn}/ d
X; — E(X|6,X =t) fo, (t,Y)]1=er x. K
Z; Gy ) @K~ BXI0X =)oy (8 Yhmoyx, K (22)

LOas¥ithaza ¥, L 60 v,y ey et 09 (v < mamty 022 = O (han! 2 (log(m))* =1 n™1%)
= 0[@(1).

Next, set

Efj* = E(HZ|Y}a5JaXJ>}/; for s 7&2)

Hence

Vi, = Y Sy - 7 ik

As for the second part, we have
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1 &, 1 = Gy = 12)1s, c@>en) 5;
V=2 h%hz\/ﬁ;[/ foo () L—G(Yj—)

/ .’I,‘—tg(l)XJ y—Y} .
K( o )\ TR ) Lt <z

3 i oy e (2 bou y— v\ {H D)<ty
/(E(X|90Xfa:) u)K( e )K< h2> e Hy(du, dv)

1{H7(1’j)(’g) 7‘717*2}.][‘90 ('1:3 y)dxdy

(E(X[0X =z) - X))

le —(1,) rp—2
{Hn (Y;)<=—=}
= E G(Y; + hozo — 0, X;+h 1 n
\f |:h1 / + Naza ‘ + 121)) {fg/X(H Xj+hiz1)>cn} 1_ G(YVJ—)
( (X|90 = 90X + hlzl) X, )K (Zl)K(Z2) 1{H;(1,j)(yj+h2z2)§rn:_z}dzleQ
1

=5~ [ (1= G+ hazo — [0gu + haz1))Lig,, , (Oguthiz)>en) /(E(X|96X = fou+ hiz1) —u)

K/ (Z])K (2’2) 1

{H;u,j)(U)SM}1{H;<1,j>(v+h2z2)grn7,2~}f(u, v)dzleQdudv}

1 ~[d (A 5j1{H*(1~J')(y.)<Tn7—2}
= — —(GY; — ) (B(X|0,X =t) — X, i I—_n -1 /XS
7 (G ey =0 -x) SRS ey
d [ -
_/dt(G(U_ |t)(E(X|0(/)X:t) _u)>te/ul{f96X(96u)>cn}1{Hn(l,j)(v)<rnnz}f(u,’U)dud’u:|
1 & 0
+—nZh1‘],
=2
Set
Lo, - L[ e - meax - - x| s,
nj:2 15 - nj:2 dt J 0 — J =01 X, 1_G(1/j_) {fg/X(G Xj)>cn}
.
_/dt|:G(U_ |t)(E(X|96X:t)_u):|t ” 1{f%x(%u)>cn}1{Hg(1,j)(v)§%;2}f(u7v)dudv .
—0hu
Then
1 n 1 n dS _ 6j1{H7(1’j)(Y-)<L_2}
— ) ;= =) | |G - [)(BE(X]0hX =t) — X u Dt 5 -
NI M e L e o e e = S N
3

— / —_— |:é(1} — |t)(E(X|9/0X = t) — u):l 1{f96X(96“)>5n}1{H;(1’j)(v)<”’,’7_2}f(u’ v)dudv
t=6{u - "

Moreover, by Lemma 18
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1 — diliy, <any
=) hi; = h3 Y, — [)(E(X|0,X =t) — X 1 PN A . =S.03 &
7n 21 Z [dtg[ DEX16X = 1) ”L%Xj U@ X0>e) T Gy )

d3 -

— / % |:G(’U — ‘t)(E(XWéX = t) — u):| 1{f%X(96u)>cn}l{vgan}f(u,v)dudv
t=6{u

+Op(n1/276/2h%) + op(1),

where a, = H _1(%). Finally, since the first part is a sum of i.i.d. random variables with variance going to zero as
n — 00, we have

Next we show that

i=1 j#i
For this let us define
H _ 1 5il{f66X(96X'i)>Cn} 5j1{H;(z‘,j,k,z)(Yj)§,,.nn,4} (X, — X)K’ 0hXi — )X, K Y, - Y;
gD h%hQ f90 (96X¢, YW) 1- G(ij) ' ! hy ha

0, X — 6ju Vi — o\ LmsGom )< rady
,\/(Xz - U)K/ (h1> K ( hra ) 11— G(’U—) Hl(du d”U) ].{H;(z‘,j,k,l)(yi)g,.%é}

and

J 1
‘We have

,

and given Y, for s # 4, j,k,, we have that (H ) — ﬁ;‘(kl)) is independent of (H; ) — Hl*(ij))' Hence, similarly as

in the proof of Lemma 7, we can show that for every component m = 1, ...,

" Z > Z > ElH g0y — Hga)m Hisgy — Hifaz))m] = o(1). (C.2)

i=1 j#i k=1 l#k

Therefore, it remains to prove that

] ZZZZ{ [(H 0y — H gay)m (Higgagy — Hiagy)m — (i — Hj )i (Hiy — ﬁz*)m]} =o(1) (C3)

i=1 j#i k=1 l#k
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The term in (C'.3) can be handled in the following way

D =
i=1 j#i k=1 l#k

= 3 ZZZZ{ { (k1) Hf(kw)m—(Hfj—Hf)m}(HZzw)

i=1 j#i k=1 l#k

+(Hj () —
+{ s - A

Let us consider the first part

-3 ZZZZE{ Gy = Hiay)m

i=1 j#i k=1 l#k

First observe that, componentwise,

E((H; — HJ)|Yj, 85,

o Ifi=Fk=#j=1Ithen

o If i # k # j # 1, then

BI{ () = Hj)m —

= Bl(Hjyoj) = Hitig))mE <{<HZ,»<M> -

Moreover,

E({(Hi*j(kl) — Hj(1))m

2, J

D DR

Hiy)m {(Hl;kl(ij) — Hy

X,;,Y, for s #1i] =

— (H -

oty — B (i) — Hiioy ) — (S — ) (HLEy Hl*>m1}

- Hl*(ij))m

lag))m — (Hig — Ffz*)m}

= (Hijom) — Hf(kw)m} {(Hiil(m — Hjjj))m — (Hyy — Hz*)m}}}

= (H}y = H))u | (Hiysg) — Hijog))o

E[(H}; — H7)|Y;, 05, X, Y, for s # 4] =0

{(Hi*j(kl) — Hjg))m — (H; — Hj*)m} =0

m} H}:l(u) - Hl*(l]))m] = E[E("'|Xk75k‘7Xla6l7§/; for S 7& Z’.])]

i) = (Hy = H ) | X6, X060, Yy for s i, )]

H Y} | X s X0, 00, Y for s #.,)

= E(E({(H?(kl) - HT(kl))'nL - (H;jy - H;)'HL} |X87587)/$ fOr S # 7:)|Xk35k7Xl3617Y9 for S # 7’?]) = 0

e Ifi = k # j # [, we have similarly

E[{(Hfj(u) —H

and

{ ZJ(Zl)

j(’Ll))

?,

= BE{(Hyya) —

;(il))m
= Bl(H o5y — Hifogy)m B (Hay = iy — (H

jin)m =

— (Hj, - H;)m} (Hjyisy — Hivigy)m) = EIE(| X0, 81, X1,61, Yy for s # j)]

Hj*)m} | X5, 05, X5,01, Y, for s # j)]

— (Hy = H})n } 1X,61, X0,00, Yy for s )
(Hj; — H)o }|Xg,5g,Y for s # )| X;, 81, X1, 0., Ys for s #7) =0
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e If i # k # j = [, we do the same as above only under s # i.

Since the second part can be proven similarly to the first one, we can conclude

n

D= SO B[ B~ Hiyy — B} { Hisegy — By b — (i~ F7) ]

i=1 j#i k=1 l#£k

Now we can prove that

1{H;(i’j)(yj)5 rn—2 ,H;(i’j)(Yi)S 7‘n7:2 1 = ]-{H;(i,j»k,l) (Y;)< rn—4 7H’;(i,j,k,l) (vi)< rnnf4 }

n n

Hlvvisvit iy vis vy <1{H;(i‘j’k‘” (V;)< =t g, G0 (v;) e[ =8 rn=2]y

+1, -Gk Ty — —(i,4,k,1 rn—=3 Tp—
(Hy 7D (v <m0 D (v g [Fat 2]y

Hence
H';; = Hz?kj(kl) + Tijkla
where
51 ’ . / !
1 7 {fe/x(90X1)>Cn} oy 00X, — 0, X; Y, -Y.
Tijr = ’ ’ Xi— Xj)K' | X2 ) K ——
TR s el e e R s

n ’ n

Ly visviyl v, vis vy (1{1{”<"=”'”"=”(Yj)<rnn‘4,Hn””"’“’”(Yi)e[m‘f’ =21}
+1{Hn(i’j’k’l)(yvi)§wan(i’j'k’L)(%)e[W’aW]})

0, X; —0lu Y, —wv
*/(Xz —u)K' <0hlo) K< " > Livivisvir Ly viso)

(1{H7l(i,j,k,w(v)§w7Hn(i,g,k,l)(n)e[w)%z]} + l{Hn(i,j,k,l)(Yi)SrnnZ,Hn(i,j,k,w(v)e[w’rnnﬂ})
1
1—-G(v-)

Hi(du, dv)}

Since, (T;jk1)m (Tkiij)m = 0 for every m = 1, ..., d, the proof of (C.3) is completed.

Finally, the term bs,, can be handled, by using Lemma 6, similarly to by,,. The proof for b3, is an immediate consequence
of Lemma 6. Hence the proof is finished.
X

Lemma 18. We have

Lm,vy<my = Lmony <zl < Lase (Vi) 4 1(s,,00) (Zn), (C4)

where

AT (y) = {y: [H) = 7] < 5.}
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and

Z, = max |H,(Y;)— H(Y,)|

i=1,...,n

Set, 5, = n—b/2 and B < 1. Hence

Lasn (Yi) = Op(n™"7?)

and

L(6,,00)(Zn) = op(n™%). (C.5)
Proof.
The proof is based on Lemma B.2 in [6]. Observe that, Z,, < sup,cg |H,(t) — H(t)| and, using the Dvoretzky-Kiefer-
Wolfowitz inequality (see [7]) we have

nE (135, 00)(Zn)) < n°B(Dy, > 6,) < en® exp(—2nd2) — 0.
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