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1 | PROOF OF THE RESULTS IN SECTION 1: THE BANDWIDTH SELECTION
METHOD

1.1 | Closed-expression for the criterion functions

Theorem 1. If assumption (A1) from the paper holds, x is an interior point of the support of X, (X, ..., Xp) ani.i.d. sample,

and f (x) # 0O, then the M SE, of ra, can be expressed as

1
nf(x)2

n—1
nf(x)2

MSEy (k) = (Kn q.)2(x) + | (Kn)? 5 px] (0, &Y
where py(z) = (02 (2) + (m(2) - m(x))z) f(2), gx(2) = (m(z) = m(x))f(z) and o2 (x) := Var (Y| X = x) stands for

the volatility function.
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Similarly, if @X (x) # O, then the smoothed bootstrap version of the M SE, (h) is

1

MSE:(h) = ( :

+ (Kh*QXgX) (x),

( )

nfgy
n-—
gy

(2)

where py g, (2) = (a;x (2) + (igy (2) — Mgy (x))2) For (2), Grgx (2) = (Mgy (2) = Mgy ())Fay (2) and p, (K) =

Sy Ky (2= X)) Y7
o Kex (2= Xp)

J K () dt, 62, (2) = fi gy (2) = 2, (2), gy (2) =

Proof Consider the following expression:

MSEy(h) =E

(™ 00 - m(x))z] = (E[A1])? + Var[A],

where Ay = m¥Y (x) — m(x). Focusing first on the bias term:

E[A] =

DIEKp(x = X)) (Y; = m(x))]

nf(x) p
:T)[E[Kh(x—xﬂm m(x))]
- %[E[[E[(Kh(x XD (Y -m(x) | X11]
- %[E[Kh(x—)ﬂ)(ﬂf[)ﬁ 1 X1 = m(x))]
= fox )[E[Kh(x—X1)(m(X1) -m(x))]

= W/Km—y)(m(y)—m(x))f(y) dy

= iy | Ko=) dy = s K @] (0,

( )

where g4 (z) = (m(z) — m(x))f(z). On the other hand,

Var [A] = #(X)Z ;wr [Kn(x = X)) (Y = m(x))]

nf( G K= X0 0 = m(0)]

= g K= X020 =m0 7]

- nfg—x)z (E [Kn(x = X1) (Y = m()) ).

(4)

(5)
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The first term of (5) turns out to be:

E [Kn(x = X1)2(1 = m(x))?] =

E [E [Kn(x = X211 = m(0)? [ 4]
= E[Kn(x = X0)%E [ (i = m(x))? | x4 |
= E[Kn(x = X2 [Var (v = m(x) | X))

+HEDM =m0 x|
- [E[Kh(x—X1)2
[varoa 1x) + (mx) - mx))?]|
= [ Kntx =22 (62(5) + (m(y) = m(0)?) £(9) dy
= | (Kn? = o (20,

(6)

where p,(z) = (0'2(2) +(m(z) - m(x))z) f(z). Collecting terms (4) and (6) and plugging them into (5), and then
plugging (4) and (5) into (3), the first part of Theorem 1 is proven.

For the proving (2) for the bootstrap analogue, consider the following expression:

MSE:(h) =

B (A (0 - ~’V"“(x))] (E" [A]])* + Var'[A7],

where A} = ",’:’W*(x) — rig, (x). Focusing on the bootstrap version of the bias term,

E"[A7] =

nfgx(x)

fgx(x)

fgx(x)

ng (x)

fgx (x)

fgx (x)

- W/Kh(x—y)ax,gm dy =

ZE*

E* [K,,(x - X)) - ANW(X))]

Kn(x = X)) (7 = mlt (x))]

BB [(Knx = X)) 0 = A 00y 17|
E' [Kh<x—xr><tE*m* | X571 = ()|

E* [ Kn (x = X0 (HW (X7) = s (0)|
/Kh<x—y)<rﬁ (1) =AY () gy () dy

—— [Kn* dxg] (0),
fgx()lh qg](x)
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where dx g (2) = ()Y (2) — MY (x)) ey (2). On the other hand,

Var[Aj] = — (X>ZZVar [Kh(x—X ) (v —rﬁNW(x))]
EX

_ 1 * _yx * ANW
T |Kn(x = X)) 05 = ¥ ()]
B 1 " 20y ANW

e |Kn(x = X220, (0)?]

_L(E*

2
oo B [k = XD 07 = A G| ) ©)
&x

The first term of (9) turns out to be:
E* [ Kn(x = X207 = i (0)?]
- F* [[E* [Kh(X_Xr)z(Y]* _ ANW(X))Z |X*]]
= B [Kn(x = XP)2E" [ = (0)? 1x7]]

= B |Kn(x = XD)2 | Var (v = i (0 1% + (B[ Yy = mg (0 |x*])2H

|

=E* |Kn(x = XD)2 |Var (v; |x1*)+(rf7{gVXW(X;‘)— A’VW(X))

|

=E" |Kn(x - X{)? a§X<xr>+g$pz<K>+( V(X)) - ANW<x> H

= |Kp(x - X)2 a*z(x;‘)+( W(xp) - ANW(X))

= [ Knlx =902 (62, ) + a0 + (BN () = A (0)2) foy () ly
— el (K) [ Kn(x =y 7y (9)dy

# [ Knx =72 (03 5+ (B () = B (0)?) o () dly

2 K) X
- wz‘/Kh(X—J/)ZKgx(}’—Xi)d}’*'/Kh(X_}’)zﬁng(y) dy
K

%(K) Z [(Kh)2 * Kgx] (x = Xi) + [(K”) *p”"] 0, 1o

i=

where pg (y) = (62, () + (ARY (y) = MY (0)?) Foy () and o (K) = [ 2K (2) dit.
Collecting terms (8) and (10), and plugging them into (9), and then plugging (8) and (9) into (7), Theorem 1 is
proven.

Proposition 1. If F; is the distribution function of the target population and i1, the estimated regression function. Then,
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an upper bound for expression (6) in the paper is given by

2
E (/ (i (x) = m(x)) dF1<x>) < E[/ (i (x) = m(x))? dF1(X)]. (11)

On the other hand, the average prediction error is given by

m

e[ L5 m )| = [ oo

i=1

/ (i (x) — m(x))? dF1(X)] .

(12)

Proof On the one hand, consider Jensen'’s inequality and the convex function y (z) = z2. Then,

/ (n(x) - m(x)? dFi(x) = E

e

2
(/ (i (x) - m(x)) dFy (x)) ‘

v

Then, expression (11) holds.
On the other hand, the average prediction error introduced in Definition 1 in the paper can be expressed as:

L3y —fﬁh(Xf‘))z} =%Z[E[
)

E

i=1

Il
M
—
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|
3
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—_—
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—
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—_—
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where

o e el

e () - x)]
e £ m () (m(x0) - )]

Term A; does not depend on A. In fact,

E

I R W 2 W

E [02 (Xﬂ)] = / az(x) dFi (x).
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Moreover, carrying on with further computations in term A;:
so = E[(m(x) = (x)]
(m () =m0 (7))

- E /(rhh(x)—m(xnz dF1(X)]‘

= E|E

Finally, term A3 results in:

As

Il
M

() )05 2 050
o R o M e W e

=m (Xﬂ). Then, expression (12) holds.

an
X1

as a consequence of E

Y11 |x11

Theorem 2. Assume (A1) from the paper, let {(X?, Y), ..
population, and {X],..., X ,11 } a simple random sample coming from the target population. Then the MASE prediction error

is

L (X ,,0, "o) } be a simple random sample coming from the source

TS 1 2 1
MASEﬁvh,X](h) = ;ZW |(1 _TTO) . Kh*qf() (X})"'n*o (Kh)z*P())(f (XJ])}, (13)
where g% (z) = (m(z) = m(x))f%(z) and pS(y) = (o5 (y) + (m(y) — m(x))?) £°(y). Similarly
MASE’, (h):li TP DY P, 2(x.‘)
3 X m L P X1)2 m) | e | Y
gl (K) 5
*pxl (X)) + YT [(Kn)? £, ()g’)], (14)

where 5., () = (62, () + (igy (¥) = gy (0)2) 79, () aNd 62,1, (2) = (g (2) = g, (IS, (2), and 63, (2) = iz g (2) -
iy Kex (z- XO) (YO)Z
o1 Kex (z - XO)

rﬁgx (z) with Mg, (2) =
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Proof The target is to work out an explicit expression for the prediction error MASE, given by:

MASE w1 () = —

|
=
—_—
e
o

(A% (X)) —m(x;))2” -

3‘_.
\'M

1 & T 30y (y0 1
[Varo [’M;Kh(xj XY m(Xj )
1 2
+([E0 [fO(X1 ZK,,(X‘ X)) (2 - m(x] ))D }
1 2
E; [Varg[A?] + ([Eo [A?]) }

n

”11,"2 Varg[A%] + nl > ([Eo [A°]) . (15)

J=1

Focusing now on the second term of (15):

m

m

(e [ 4])
=
n11jn_11(nof°(x1 Z[EO[K”(X1 XD (P = m(x; ))])2
’711]"_‘1 (fO(x TEo[Eo [ Kn(X = XD 7 = mx]) lXO”)2
St o]
,31]: (fO( Eo [Kn(X] = X) (m(X) = m(x] ))])2
S s e s
,:1:1 (fO(x‘> /K”(X1 ) dy)z
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where ¢2(z) = (m(z) — m(x))f°(z). On the other hand,

1 ”§1 0 1 Sl 1 ”EO 1 0 0 1
Varg[A = Var Kp (X X: Y. m(X;
1j:1 O[ 1] . 1 0 ofo()(;) £ h( ' ,)( i ( J))

m

1
. 0( x 12
f71j1 nof()(j)

Vary [K,L,(Xj1 -x) (P - m(X}))]]

T &1
- nony Z fO()(J1)2

J=1

|Eo [ Kn (X! = XD = m(x))2] -
2
(Eo [Kn(X] = X)) (7 = m(x)))] ) ]
The first term of (17) turns out to be:
Eo | Kn (X! = XD)2( = m(X)))?]
= Eo [Eo [Kn (X! = XD2(r? = m(x) )2 | X7
= Eo [Kn(X] = X))o [ (v? - m(x!)? 1 X7
2
=K [Kh(xj‘ - x9)2 [Varomo = m(X) 1XD) + (Eo [YP = m(x) 1X7]) H
=E [Kh(xj‘ - x9)? [Varomo | X?) + (m(x{’) - m(le))ZH
= [ Kn(X] = 92 (0B + (m(x) = m(X1))?) £°) dly

= [(KM *p‘;]] (X,
J

where p8(y) = (63(y) + (m(y) = m(x)?) ().

(17)

(18)

Collecting terms (16) and (18) and plugging them into (17), and then plugging (16) and (17) into (15), the first part

of Theorem 2 holds.

For proving the second part, the aim is to compute a closed-form expression for the bootstrap version of the
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MASE:

MASE iy 1 () = [[E* A (x)) - g (X)) ”

*Z

K X1 XO*
7()( ) Z h( )

o

(Y0 — W ! 1_ 50

,(Yl_o*_ ANW(X ))]) ]
+ 3 vartat e
= ;1;21] Varg [A%] + ;12([&*) [,4?*])2.

Focusing now on the second term of (19):

1 & 1 . 1 ox on ANW )
== D B | Kn(X] = X (v - X

n j=1(n0f£X(Xj)2 ( ) x|
:Lr” 1 [E*[Kh(X1 XO*)(yO*_ANW(X ))]

m fo(x1
_ 1 1 : . o ANW o 2
- 3 e sl -x0p-arogy 1|
1 m 1 . ] N o 2
mj1(f°*(xj')[E° [Kh(Xj - X )([Eo[)q | X¢ ]_ (] ))]
—L S # * 1T yOx S o* _ ANW 2
_L"‘ 1 . A 2

1 1 2
:m1=1(;9x(x)/Kh(X -y (Y)dy)

1 m 1 2
_1 o |
_mﬁ(gw>“qﬁlwﬂ’

(19)

(20)
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where §2(2) = (M) (z) — MY (x)) £, (2). On the other hand,
1 0
E Z Var, [A1 ]
Jj=1
m

= HLIZVarg

2 |:nf01()()ZKh(X1 XO*)(YO*— ANW()( ))]
j=

1

m
1
— > =5 Vars [Ke(X] = XP) (v = gl (X))
m 4 [nofgx ()(1.1)2 0 [ 4 ! ! ]

m

1 1 [ " 1 02 v 0% _ s NW /31112

= — — |E [Kh(X. - X7 - (X)) ]—
nom J= f¢§9)((Xj1)2 0 J ! ! &x J

(Eg [Kn(X] = X2 (2 = ¥ (x))]) } (21)
The first term of (21) turns out to be:
B [ Kn(x! = XP)20r2 -l (x1))?]
= Eg [E5 | Kn(X) = XP20r2 = i (x))? | x|
= By [Kn(X] = X025 | (2 = g ()2 | x|
= By [Kn(X] = X072 [Vars (2" - ¥ (X)) 1xP)
2
(e o x|
K~ X012 varg 2 107 + (e x|

=E [Kh(xj1 - X0)2 [a;;?(XP*) +( W (X0 - YW (X] )) ]

=E, [Kh(Xj - x¥)? [6&g(XP*)+g$uz(K)+(fﬁgXW(XP*)— A’VW<X> H
=//<h<x;—y) (62,5 + gBma(K) + (MY (y) = MR (XI)2) 75 () dy
=g$#2(K)/Kh(X} -’ (y)dy
+ [ KnO! = )7 (6B, 0+ (A8 () = Y (X2 53, () dly
K) &
- M%)Z]/ Kn(X] = 9)?Kgy (v = X0) dy
+ [ kex) B,y

M Skt e Ky | (X) — X0 +

i=1

Kp * p ] (x ), (22)

where £, (y) = (62, () + (RYY () = R (x)?) £, ().

Collecting terms (20) and (22) and plugging them into (21), and then plugging (20) and (21) into (19), Theorem 2
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holds.

Corollary 1. If K is a Gaussian kernel, then expression (14) can be rewritten as follows:

2
N 1T 1 np-1 | .
MASE; . (h) = P Z: PO | . Z‘Kh % Kgy (Xj1 - XI_O) . (Yio — Mgy (X,]))] +
J= J =
1< 2 1 o 0_ & N2, g2 (K) <& 2 1 0
) [(Kn)? ¢ Koy ] () = XP) - [0 = gy (X M ;[(Kﬁ) #Kg| (X! = XD)|. (23)

Proof Carrying on with computations in expression (14), we have:

o

(g (2) = g () £, (2) = 2 D

i=1

B ﬂlogl(gx (z B X’Q) (Yio = gy (X)) .

62 ey (2)

o
Kex (2 = X))V = g, (%) Z Kex (Z - Xio))
i=1

Then,

2
1 _ ~0 1,2
X)) = K+ @, (X))

[Kh*éf@

' 8X
ny

P *LiK (= X0) - (v - g X)) | X)?

= |"h no & 8x i i ex \Aj i

N 2
= ﬂio; [Kh*Kgx (-—X/O)] (XJ]) . (Yio—l’ﬁgx()(j))}

n 2
- nloikh*KgX (x/.‘fx?).(yiofmgx(xj‘))} . (24)
i=1

B2 Koy (2 = X)) (V)*
2721 Kex (z~- X,-O)

On the other hand, using that &g_gx (2) := Mgy (2) — Mg, (2)%, where i g, (2) is defined as i g, (2) =

’

then:
B 6 (2) = [62,, (2) + gy (2) = gy (0))7] 72, (2)

. 1T &
= [ (2) = 2gy (2) gy (X) + g (07| o (2) = = D7 Ko (2 = XD (V)
i=1

) 1 & . 1 &
= 2 (x) - D Kee (2= XP)Y0 + g, (x)zn—o > Kee(y = XD)
i=1 i=1

1T & 2 .
= = Z Kgy (z - XI.O) [(YIO) — 21, (X) YI.0 + Mgy (x)?
=
Therefore, straightforward calculations lead to:

R RS 2 R
(KR By (X)) = 2 3 (K # Ky (X] = XD) - [(Y,-") ~ g (XY + g, (X))?
i=1

1 . 2
. ; (Kn)? * Kgy (X = X7) - (Y,-° — Mgy (XJJ)) . (25)

Finally, collecting expressions (24) and (25) and plugging them in expression (14), Corollary 1 is concluded.
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1.2 | Asymptotic theory

1.2.1 | Asymptotic expression for the criterion functions

Lemma 1. Under regularity conditions (B1)-(B4) from the paper, the function MISE? can be expressed as

h* 2 h
MISE?(h) = % / y(x)dx + %/ﬁ(x) dx+ O + 0 (70) . (26)
am ()m” (0 (£0) () am’ ()2 (°) (x)2 20 f1
where B(x) = [m”(x)? + fO(X)( ) + fO((X)Z) ]1” (x) and y(x) = %. The asymp-
totic version of expression (26) is given by:
4
AMISE?(h) = ii’;) y(x)dx+%p2(K)2/ﬁ(x) dx. (27)

Proof Using a Taylor expansion and a change of variable, we obtain:
. U (™ (0 =m0 <x>]
1o
£ | e g o ) 1)
o
) "lé/ ﬁm ;Kﬁ (x=x?) (v2 - mx)
1o
& [ ot |y [ (= 0) (- mco)
+ ([E i K (X - le) (on ~ m(x)) )2
i=1
o
) "L% / ﬁ Z Var [k (x = xP) (70 = m(0) |
(e e) e min)

i=1

= nlg/ ﬁ [nOVar [Kh (x - X10) (Y10 - m(x))]

b [k (x - x9) (v =m0 || 10

2
dFi(x)

2
dFy(x)

Var

dF1 (X)

dFy(x)
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= [ gangavor [ (x=8) (18- )| a0

o [ i (E [k (x=x2) (#0 =m0 ) a0
= | 0 [E[Kh (x=x¢)" (2 = min)’
= (E [ (x = x) (8 = mea) )| a0

[ g (€ (=) (12 = meo) | oo

o e o ) (e

= ——E
no fO(x)2

’ non;1 / ﬁ (E 6 (x = x?) (v = m(0) ) o1 20

dF1 (X)

— o [ ot [E K x = x0)° (2= mo) 10 a0

’ non;1 /W (E [ (x = xP) (7 = m(0) |X1°”)2 dF (x)
:nlo ﬁE Kh (X‘X?)Z[E[(’ﬁo—m(X))z | X? ] dFy (x)

’ non;1 /W ( [&n (x=x?) (E[¥? 1x7] —m(x))])2 dF; (x)
" ﬁE K (= x0)’ (Var (12 =m0 1x7)

(e[ - mear 18] a0

* non; 1 / f0(1X)2 ([E [Kh (x - X1°) (m(X1O) - m(x))])2 dFy (x)
[
|

[K,, (x - X1°)2 (cZ(X?) + (m(XP) - m(X))z)

= oo | et b0 v o0 150) «

- : / ﬁ (E [&n (x = X7) (m(xD) = m(x)
1 1

v X7 - m(x))z)} dFi (x)

)2 dFi (x)

dFi(x)

= ——E
no J £O(x)?

" no”; : ./ f0(1x)2 ([E [Kh (X - X10) (m(X1o) - m(X))])z dFy(x)
2

) #/ ﬁE [K : 1o) (GZ(XF) +(m(x?) —m(x))z)

+ ';00;21 /ﬁ ([E [K(X—hxf’) (m(X1O) —m(x))

- [ [ K (5E) (P00 + (m) - m0)?) £20) dy dFi ()

h

dFy(x)

2
) dFy(x)

noh?J £9(x)2 h

no—1 1 y—-x 2
+ ,,00/,2 / 0(x)2 (/K(T)(m()’)—m(x))fo()’)d)’) dFy(x)
= ﬁ ﬁ / K (u)? (02()( + hu) + (m(x + hu) — m(x))z)

0 no—1 1
F(x + hu) du dFy (x) + 2 /W

2
(/K(”) (m(x + hu) = m(x)) £ (x + hu) d“) dF7 (x). (28)
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Let us denote y (y) = (m(y) — m(x)) fO(y). Then, y(x) = 0;y’(x) = m’ (Y)f (y) + (m(y) — m(x)) (fo)’ )y (y) =
M () FO(y) +2m’ (y) (fo)' () + (m(y) = m(x)) (fo)" (y). Using Taylor expansion:
/ K(u)y(x + hu) du = / K(u)y(x) du + h/ uK(u)y'(x)du
+ g / K (u)y” (x) du + %T / BK ()™ (x) du+ O(H*)
2
= Ty oma(k) + 0,

which leads to:

ng—1 1 2
Ono /W(/K(u)y/(x+hu)du) dFy(x)

_ 4
=P [ e (0P (KO () + O(HO)

no fO(x)2
’ ” 0 !
(mo— 1 1 , L A om” () (f) (x)
= LU Sha(K) / [m (02 + e
anf (02 () (07
R 1 (x)dx + O(H°). (29)

On the other hand, denote ¢(y) = [o2(y) + (m(y) — m(x))2] fO(y). Then, ¢(x) = o2(x)f%(x) and using Taylor
expansion:

1 1

= W/K(u)2¢(x+hu) du dFy (x)

_R(K) 1

" noh fO(x)?

_ R(K) o2(x) f1(x) dx+0(i)
noh fO(x) ’

2(x)FP(x)F'(x)dx + O (i)
no

(30)

Assembling terms (29) and (30), and inserting them in expression (28), we have that Lemma 1 holds.

5[Technical result] Consider a sequence of bandwidths ¢ naus, ¢ > 0 and the function MISE?(h), given in (26) it
turns out:

2 1

c* n M3

k)2 [
amf (02 () (02
o

4m (x)m” (x) (fo)' (x)

” 2
m’(x)* + 00

+

\ F1(x) dx + 0(ny®),
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so that
. _ 2 f1
lim n¥°mISE? (cn01/5):R(K)c_1/76 WF (x)
ng—oo f (X)
o , L Am (om” (x) (fO) (x)
I K 7
+ Sk [ |02+ e
4m'(x)2(f°)'(x)2 1
+W ' (x)dx. (31)
Then,
lim né/S . hMISE" = Cp. (32)
170—)00
Proof Given that Ay ;52 is the value which minimizes the function MISE?, then
nel*MISE® (co : ng”s) > n¥PMISE? (hysee) Vo €N, (33)
which implies that
2 f1
R(K)c61/de
O(x)
o L 4m om0 () (0 4m 02 (r0) 02 ]
— H2(K " fl(x)d
+ D k)2 [ |2 + e ¢t (x) dx
. 4/5 2
> lim sup ny MISE?(hprsea) (34)
np—oo

Bringing together expressions (26) and (34), we can conclude that:

lim sup n(l)/ShMISEa < 00,

np—oo
Indeed,

lim sup ng/SMISE"(hMISEa)
no—)OO

> lim sup
ng—oo 4

4 ’
(n:)/5 h/vrIsE"”) yz(K)Z/ Im”(x)z . 4m’(x)m:0((xx))(f0) (x)

4 (x)2 (fo)' (x)2

FO(x)2 f1(x) dx|,
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and together with expression (34) lead to conclude that

[ emse)” ] amGomno (70) 0
kzn(l)@msup f,uz(K) / m”(x)* + 7500

am' (02 (£°) ()2

)2 £1(x) dx]|,

+

being k a real positive number, which implies that:

4
lim sup (1‘1(1)/5 hMISEa) <k& lim sup (né/s hMISEa) < k.
no—)OO no—)OO
By means of similar calculations, we can prove that lim inf né/ShMISEa > 0. As a matter of fact,
ﬂ0—>(>0

B

RUO_ 1 (0 ()

lim sup ng/SMISE"’(hMISEa) > lim sup 5
np—oo np—oo /70 hMISE" f (X)
which implies, together with expression (34), that
lim supa,, = lim sup[ 7 ] = k,Vk e R*. (35)
HOA)DO HO‘)DO no hMISEZ
Given that ap, is a positive sequence and using expression (35), we can conclude that lim inf né/ShMISEa > 0.
ng—oo
From both limit conditions, we can state that there exist two numbers L, U € R*, L < U, satisfying:
(36)

L< n:)/shMIsEa < U, for almost all ng € N.

Using expressions (26) and (36), we obtain:

ng/SMISE"’(hMISEa)

15 4
2(0f () (0 hmarses)

= R(K) (né/ShMISEa)_1/ e
4m ()m” () (F2) () am (02 (F0) (x)2
/ m"(x)? + fo(x)( ) + fO((X)Z)

2 (K)?

f1(x) dx

+0 ((né/5hM1555)4 hfwsta) +0 (”61/5/7/\4155)
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1/5 -1 a2 (x)f(x) (né/sh"”“E")4
= R(K) ("o hMISEa) / Fo00) dx + 7 Uz (K)?

/ s 4’ (x)m” (x) (fo)'(x) 4m'(x)2(f°)'(x)2

fl(x) d
£9(x) 79(x)2 (x) dx
+ 0 (Pyrsea) + 0 (). (37)
Consider a subsequence of
1/5
{no hmrsea }noeN , (38)

which converges to a real number / (which is positive as a consequence of expression (36)). Furthermore, expression
(37) assures that the corresponding subsequence of

{ MISE® (hMISEa)} ,
noeN

converges to

L[ e20f () | A M) () ()
R(K)! /T)dﬁ 4y2(K) / m"(x)? + 00 (39)
amf (02 () (07 ]
T s on 0B 0 7).

Moreover, expression (34) guarantees that

R0 [ %dx (40)

4m’ () m (x) (fO)' (x)  4m'(x)? (fo)' (x)2

1
7500 + FO(x)2 f'(x)dx

4
+ D kr? [ Im"<x>2+

L[ R (%) s | g A w0 (70) 00
> R(K)/ /de+ 4/12(K) / m”(x) + 700

’
am' (02 () (02|
S T f(x)dx. (41)
As a consequence of cq being a strict absolute minimum (in ¢ > 0) of the second addend of expression (31), the
previous inequality can only be satisfied when / = ¢q. This reasoning establishes that cg is the unique adherent point

of the sequence given in (38). Accordingly, considering expression (36), the proof is concluded.

Up to now, we have obtained an asymptotic result concerning a first order bandwidth which minimizes MISE?.
From now on, we investigate the second order term further.
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6[Technical result] Consider the sequence of functions defined below and L, U satisfying expression (36).
Moo (2) 1= MISE?(zn}'),z > 0.ng € N,
and
Yng = arg ngzigu Ty (2).
It turns out that the relation among these two functions and expression (26) is as follows:

hmises = 7"0”61/5’ for almost all ng € N. (42)

Proof Expression (26) guarantees the existence of L, U verifying expression (36). In addition, the continuity of the
kernel function K assures the continuity of MISE?(h). Therefore, it exists a point, namely y,,, within the interval
[L, U], in which the function I attains its minimum, whether it is unique or not.

Nevertheless, given that inequalities in expression (36) are fulfilled, any minimizer of ;, is attained within the

interval [L, U]. Indeed, it it were not the case, there would exist a minimizer zy outside [L, U] verifying
Tng (20) < Ty (2),Vz >0, (43)
and therefore,
MISE®(zon;'®) < MISE®(h).Vh >0, (44)

so that zg n&”s would be a minimizer of MISE?, but it would not satisfy inequalities given in (36) for that particular
no € N. Finally, the equivalence between expressions (43) and (44) provides (42), and the proof is concluded.

In particular, the function I satisfies

a2 () (%)

70x) dx

Moo (2) = R(K)n84/52_1/
24t

(k) [ |t 02 4

4m’ (x)m” (x) (fo), (x)
O(x)

4am’ (x)? (£0 / (x)?
+fo<(x>z) 100 dx + 00 + 0 (27 %) .2 > 0

If we define the function Ap, such that

4/5

Ano(2) = n,

Ty (2),z >0,
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then,

2 1 4 4m’ (x)m” (x) (£° ,(X)
/\nO(Z)zR(K)z_]/G(;(())(i()(x)dx+z4p2(K)2/Im"(x)2+ fo(x)( )

am' (02 (£°) (x)2

+ fo(x)z

f1(x)dx+0(zn62/5),z>0.

If we restrict to those z within the interval [L, U], then

L 0f ) ) 4mt () m’” (x) (fo)'(x)
Ao(2) = R(K) 2 [ T e 2 [ [m (0 + e
4m ()2 (£0) (x)2
uniformly in z € [L,U].
Define now the function
L e0f) | ) 4t (x)m” (x) (fo)' (x)
T(2):=R(K)z 1/de+7y2(K)2/ m” (x)% + 00
4 (x)2 (fo)' (x)2
— R £1(x) dx, (45)
then we have,
LquU |Ang(2) = T(2)| =0 (n(;Z/S) . (46)

Denote, for the sake of brevity,

4l (x)m”" (%) (fo)' (x)  4m'(x)? (fo)' (x)2
+
fO(x) fO(x)?

- %uz(K)z/ " (x)2 + F1(x) dx

- %pz(K)Q/ [m"(x)f"(x) +2m (%) (fo)'u)]zﬂ(x) (f°<x))71 dx, and

o2(x)f! (x)
R(K)/ fo(x) dx

Then, T(z) = bz™' + z* a. Due to the fact that the kernel K is a nonnegative function and [ K(u) du = 1, then
R(K) > 0 and up(K) > 0. Moreover, assume that K is bounded and /uzK(u) du < oo, R(K) and py(K) are finite
numbers. In addition, assume that the density function, 72, is at least one time differentiable and its first derivative

is bounded and continuous in point x. As for the regression function m, assume it is two times differentiable and its
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first and second derivatives are bounded and continuous in point x. Then, we can conclude that 2 > 0 and b > 0.

7[Technical result] Consider T the function defined in (45), it turns out that T attains a strict relative minimum in

b 1/5
zZp = E .

Furthermore, fix § > 0 a real number,
T(z0+8) - T(z0) > 6az2 6
If § < zg, then we have

T(20-6) ~T(20) >6az26%~4az 8.

Proof Function T is differentiable in (0, +o0) and its derivative is given by:

T'(2)=4az’+bz2Vz>0.

(47)

(48)

(49)

It is straightforward to see that zj is the unique point in (0, +o0) where T’ is zero. Moreover, T’ takes negative values

within the interval (0, zp) and positive values within the interval (zg, +0). Then, T is strictly decreasing in (0, zo) and

strictly increasing in (zg, +0), leading to (47).

Now, to prove expression (48), fix § > 0 and consider

T(z20+8)~T(z0) =b(z0+8) ' +(z0+6)*a—bzy' —az}

=b(z0+8) " +a(zg +4623+66% 2 +48% 20+ 6%) —bzy!
- b((zo+5)’1 - z51) +a(4623+66272 +46% 75+ 6%
=a(4623+66222+48%20+6% — b8 ((20+6) 20)™"

= 6(4328 —b(zg +629)7 " +6aézz§+4a63zo+a54

>zS(Afeazg—bz(;z)+62c5223+4a<5320+a<‘54

>6a 6223.

4
—azg
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Analogously, in order to prove expression (49), consider § < zg and,

T(z0-8) =T (20) = b(z0-86)"" + (zo—rS)“a—bz(;1 —azg
=b(z0-6)"+a(zy-4623+66%23-48%20+ 6" ~bzy —azy
- b((zo—s)-1 - z51) +a(-4673+66% 22 463 7+ 6%)
=a(-4623+68%2 -46% 20+ 8%) — b8 ((20 - 6) 20)™"
=6(-4az3+b(22-820)")+626%2% ~428°29+ 28"
>6(-4az3+bzy%) +628%25 —428%2 + a5

> 635225 —436320‘

These two last inequalities prove expressions (48) and (49).

Remark 1. The minimizer of T, zq is precisely co. Indeed, T happens to be the dominant part of Ay, whose minimization

is (under certain conditions) equivalent to the minimization of MISE?.

Theorem 3. Under regularity conditions (B1)-(B3) from the paper, the bandwidth selector which minimizes the function

MISE? has the following asymptotic expression:

1/5

-1
R(K) [a2()f (x) (FP(x)) d
hmrses = Jortorx ( . ) . n71/5+0("72/5)' (50)

H2(K)2 [ B(x) F1(x) dx 0 0

Proof of Theorem 3 First, assume that zg € (L, U). Indeed, if zo ¢ (L, U), we would consider a wider interval which

would fulfill that condition. Furthermore, expression (46) guarantees the existence of some constant C > 0 such that

—2/5

LZLZJEUV\,,O(z) —T(2)| < Cny*", foralmostall ng € N. (51)
Consider the following sequence of real positive numbers,
Sng 1= (c 2 a)’1)1/2 25"y, ng € N. (52)
Using expression (48), we have
T (20 +6ny) = T(20) > 6225 62, =3C ny*/* Vg e N. (53)

On the other hand, given that &,, < zo, for almost all natural no,

T (20— 6py) — T(20) > 6224 65, 422065,

—2/5

=3Cny "> = 2C%2 z52(2a) 207305, (54)
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As a consequence,
T(z0 = 8py) — T(20) > 2 Cnaz/s, for almost all ng € N. (55)

Providing that zg is an interior point of the interval [L, U] and {6, } tends to zero as ng tends to oo, the sets given
below are well defined for almost all ng € N

Ang = [L, 20 = 8ny | U [20 + 8- U] -
Consider now z € [L, U] and expressions (47), (51), (52), (53). For almost ny € N, we have

z€[Lizg~8ny| =2 <20 8ny = Ang(2) + C1;?> 2 T(2) 2 T (20~ 84p)
> T(20) +2C 15" = Ang(20) + Cny*> = Ay (2) > Ay (20).

2 €20+ 80Ul = 2 2 20 + 8y = Ang(2) + Cny?® > T(2) 2 T (20 + 85y)

-2/5
o

-2/5

> T(z0) +3Cn,

> Apy(20) +2Cn = Any(2) > Apy(20).

Consequently,
z € Apy = Ao (2) > Apg(20)-

Therefore, for all ng € N except for a finite number of them (at most), any minimizer y,, of A, (and I',,) verifies
Yno € [L.UT\ Any. In other words, |y, — zo| < 6ry-
According to expression (42), for almost all ng € N, every minimizer hy ;sga of MISE? satisfies:

)hMISE" -co n61/5‘ < 6n0n81/5 =(C(2 a)_1)1/2 261 naz/s,

for almost all ny € N, which implies expression (50).

Proposition 2. Suppose conditions (C1), (C2) and (C3) from the paper are fulfilled. Consider a sequence of bandwidths hy,
such that ¥, hf,o < oo for some A > 0 and that n)h,, — oo for some n < 1 —s~". Assume (ng "2 log (h*) — 0as
no
ng — oo, h — 0 and ng h — oo. Then,
lo 1
&

3/2 p3/2
ng'“h3/

B2

ISE(h) = ISE®(h) + Op (h6)+op(niolog%)+op(1—/2)+op , (56)
n
0

where ISE(h) = [ (ip(x) — m(x))? dF" (x) and ISE?(h) = [ (rfip(x) — m(x))* dF' (x).

Proof Under conditions (C1), (C2) and assuming that ng — o0, h — 0 and ng h — o, we have:
sup)fho(x) - fo(x)‘ —> 0 almost sure as ng — oo,
X

and

172
Sl;l(p)fho(x) - fo(x)( - 0p (h2 + g 2p12 (Iog %) ) . (57)
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Additionally, thanks to results of Mack and Silverman?, we have:
sup ‘nﬁ,’:’w(x) - m(x)‘ —> 0 almost sure as nyg —> oo,
J
and
11172
sup ‘mgw(x) - m(x)‘ =0p (h2 +ng?h12 (Iog Z) ) ) (58)
J

Consider now {£,, } a sequence of random variables defined in the probability space (Q. A, P) such that &,, > 0 and

Eno = Op (8ny + bny), where (an,) , (br,) are sequences of real positive numbers. We can show that

'fno =0Op (ano + bno) =4 fno =0Op (max{aﬂo’ b"O}) 59
Eno Sno
(o b, > ,b < .
&' apy + bpg maX{ano no} = an, + b”O max{ano, bno}
) 2'5"70 fno
=" ap, + bno <2 max{a,,o, b”O} = =

any + by max{a,,o,b”0 I3

It can be shown then that

MISE(h) = MISE?(h) +E +E

/2A1 Ay dF (x)

/Ag dF1(x)],

where

W m0RM 1 o
MR T TR me ;K”(X_Xf)(yf ~ ),

A2

| (700 -0

(™ (0 = m(0) 55—

and MISE?(h) is given in (26).

1Mack, Y.P. and Silverman B.W. (1982) Weak and strong uniform consistency of kernel regression estimates Zeitschrift fiir Wahrscheinlichkeitstheorie und
Verwandte Gebiete, 61, 405-415.
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On the one hand, using expression (59), it turns out:

/JA% dF' (x) = '/j A3 dF(x)

< sup‘ Y (x) - m(X)‘z P ‘fho(x) - fo(x))z ‘/er :(:(()3)2

f1(x) 2 —1/2,-1/2 1"2)\*
:/er F3(x)2 dx |Op |h* +ny '"“h (Iog;)

1/2)\\4

:/ f,:((;())z dx (Op (max{h2 ~1/2p-172 (Iog%) }))

xeJ

1/2)4

ool o) )

xed

dx( (

= I'/J (rﬁ/’:lw(x) - m(x)) Wﬂ (x) dx

_

0, z
= /er f‘o(x)2 x | Op max{ (Iog h) ))
(%) 2
- /er fO(x)? Op |+ mo°h Iog ) ))
=0p (hs) + Op (n0 (Iog ) ) (60)

The first addend in expression (60) is negligible in comparison to the second term in expression (26). Analogously, the
second addend in expression (60) becomes insignificant compared to the first term in expression (26). In particular,

(/f #2100 )”2 ) (OP (##) + 0 (r752h‘2 (log - )2))1/2
i
e el

2172
=0p (max {hg, nazh’2 (Iog%) } )

(max {h“, ng'h (Iog %)})
Op (h4 +ngth! (Iog %))
(

=0p h4) +Op (n(;‘h‘1 (Iog %)) . (61)

Moreover, thanks to expression (26), we know that

E [/JA% dF; (x)] -0 (n(;Ur1 +h4). (62)
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Applying Markov's inequality to expression (62), it turns out:
/jAf dF' (x) = Op (n51h—‘ + h4) A (63)
Thus,
172 12
(/JA% dF! (x)) = (OP( “Tpl +h4 (max ’1h’1,h4} )

:Op(max{na”2 -1/2 hz}) ( -1/2, l/2+h2)

= 0p (ng"?H7112) + 0p (2). (64)

Bringing together expressions (64) and (61) and using Cauchy-Schwarz inequality, we compute:

1/2 1/2
< 2(//\12 dF! (x)) (/JA% dF! (x))
) (op (h4) +0p (ng‘ n" log %))

~(Op (h2)+0p (n(;”2 h "2 log — ))

1
Hl2 1 log —

_ 6 h

_op(h)+op( 1/2)+0P( log - ) Op T | (65)

V Aq Ay dFT (x)
J

The first addend in expression (65) is negligible as compared to the second term in expression (26). Furthermore,

the fourth addend in expression (65) becomes insignificant in comparison to the first term in expression (26) if

—0ash—0,nyg — oo and ngh — oo.

It remains to be seen what happens with the second and third terms in expression (65). We begin with the second
one. Given that (”51 A+ h4) - noh = 1 + K ng and the bandwidth # is of the form n~%, a > 0, then

e If noh® — c, being ¢ a positive real number, then nj'h™" ~ n54/5 and A* ~ ”54/5’ which implies that A ~ n51/5'

and

W12 (n51 /5)7/2 =10

=0 :n66/5—>0,asno—>c>o.

n(1)/2 n(1)/2 - ng/m
o If nph® — 0, then
h7/2
a2
Of —0e nl1)/2h9/2 — 0o mh’ — 0,
noh

which is true providing that ngh®> — 0.
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e If ngh® — oo, then

h7/2
1/2

0——>0<:>n

1/2,-1/2
h* h

— 0 © ngh — oo,
which is true providing that ngh®> — co.

7/2
Therefore, — h” =0 (L + h4)
12
Mo

Finally, as for the third addend in (65),

o If ngh® — ¢, being c a positive real number, then

h 1 _
—log—-~n 6/SIogn1/5—>O, as ng — oo.
no h 0 0
e If ngh® — 0, then

h 1

—Iogz 1

7n0] :hzlogz—>0<:h2—>0c>noh9—>0,

noh

which is true providing that h — 0.
e If nph® —> o, then

which is true providing that ngh®> — co.

Therefore, h log 1. o a + K.
no h noh

Considering this last argument and collecting terms (64), (61) and (65), expression (56) is proven.

1.2.2 | Asymptotic expressions for the bootstrap criterion functions

Lemma 2. Under regularity conditions (B1)-(B4), the function MISE?®* is

R(K)

mrser (= BE 4 028, 0 (1 57 (577 47 1))

+O0p (K n1‘1g_9) + Op (h‘ g’ ny ) + Op (h nf (1 +g7! +g‘2)) . (66)
Thus, the dominant part of expression (66), namely AMISE?#*(h), is given by:

AMISE® (h) = &?Ag + —yz(K) B,. (67)
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Proof Consider the smoothed bootstrap version of MISE?. We start by computing MISE?* (h) := E* [/ (rﬁ/’;’w (x) = ring (x))],
which is the theoretical analogous to MASE;NW 1 given in (14). Using a Taylor expansion and a change of variable,
.

we obtain:

E* U (mLVW(x) _nag(x))zdﬁg‘(x)

- [/ e ZK fr=x2) et atico
-3/ o ;nvxw<-ww»3em
/fo(x)z[ ar’ IZ;‘K;,(X X2) (v = g ()
+([E* ZKh("‘XO ) (v = g (0 ) dF) (x)
7/ o7 | Zvﬂ [ (3 = X0 (Y2 = g )]
(Z[E [Kn (= XP") (1" = g () ]) dF} (x)

7‘/7‘0( 2 movar [K”( XP) (7= e (0|

)
43 (E* [Kn (x = x%) (v - mg(x))])z] dF} (x)
= L f0(1x)2 Var* lKh (x XO ) (Y _ mg("))l d/f; (x)

+/ ﬁ (" [ (x = x0) (v - rhg(x))])2 dF} (x)
“ f0(1x)2 [E* [K” (X‘X?*)z(“o*‘”’g(x))z]
—( [Kh (X—X1O ) ()ﬂo*—rﬁg(x))])z] dﬁ;(x)

« f g o= x2) = o) | 8o

1 1
) Bz
[ i ol x) (o)) o
1 1

-1 fo(x>2[E [E* [K,, (x—x?*)2 (v —fﬁg(x))2 |X1°*H dF) (%)

E* lKh (x- x{’*)2 (v - mg(x))2

dF}(x)
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Pt [ (e e ) -t L) et

1 1

= —F
no J £2(x)?

Y il / : ([E* [Kh (X—XP*) ([E* [)/10* ‘X?*] - 'ﬁg(x))])z dﬁ‘;(x)

o 2 (x)?

. [Kh (x- x{’*)2 E* [(Yf’* - rﬁg(x))2 | X%

] dF (x)

1 1

S0 ) 002

E* [K,7 (x - )(10*)2 (Var* (Y,O* — g (x) | X?*)
+ ([E* [)’10* — g (x) \x?*])z)] dFl (x)

Lot / : (B [Kn (= X0 (g (X7 - 'f’g("))])z aFg ()

noJ £2(x)?

1 1

o) £2(x)?
+ ([E* [)/10* |x1°*] - Iﬁg(X))Z)

P Pl [ (6 K (- X) (g (X0 - g (0] 92 00

o J £(x)?

2
E* [K,, (x = x%) (var (v 1x¥)

dF}(x)

1 1 * {05 2 A2 0 2
= — E™ [K] -X X K
w ) o [ n (x = x0) (620X + g2 2 ()

2 .
+(mg(x10*) —/ﬁg(x)) )] dF} (x)

L [ (ki (x = X0) (g X9) - g ()]} 02 0

noJ £2(x)?

1 T Y
= 2 o 2 K
no h £ (x)

+ (g (X2 - rﬁg(x))z)

0%\ 2
! ) (62(XP) + g2 2 (K)

h

dFy(x)

no — 1 1 . x=XxM\ o
" no h? /f})(x)z ([E [K( h )(mg(XP)—mg(X))
_ 1 1 ¥y —x)\?
_nth/;fg‘)(x)?/K( h )
(62() + 82 (K) + (g (y) = g ())?) 72(y) dy dF ()

no—1 1 y-X\,. . 20 2 a1
e /fgomz (/6 (557) (e = g 00 20 0| a0
B 1

S0k #9(x)2

2
) dF}(x)

/ K (u)2 (ag(x +hu) + g2 ua (K) + (g (x + hu) — mg(x))Z)

N . -1 1
£9(x + hu) du dF) (x +n0 / =
e dudfy (0 4 2 [

2
(/ K (u) (g (x + hu) = riag (x)) £2(x + hu) du) dF}(x).

(68)

Let us denote g x (y) = (Mg(y) — Mg (x)) ﬂf’(y). For the sake of simplicity, we will denote i, (y) = ¥z x(y) in the
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following. Then,

g () =0,
W) = Wl (D) + (g () = g () () (),
by () = A E () + 200, () () () + (g () = g ) () (),
by () =y (DA ) + 3 () (#2) () + 3 () (72)” (),
+ (g (1) = g () () ),
9 () = Y DE () + 4y () () ) + 6 ) (7)),
vy () ()" ) (g () = g 0) (7)),
iy () = A (072 00 + 21 () (#2) (0,
90 (0 =m0 F2 00 + 4y (30 (#2) (), and

"

+ 67 (x) (fgo) (x) + 4, (x) (fg") (x).

Using Taylor expansion:

/K(u)tilg(x+hu) du
2
:/K(u)lf/g(x)du+h/uK(u)lf/é(x)du+%/uzK(u)lf/;(x)du

L 3K (u)y (x) d L AR (e (x) d
a wK(u)gy Ut UK (u) g u

5
+ % WK () (x) du + Op (h°)

n_, n ) 6
= 20 00z (K) + 2 (0ua (K) + Op (49), and

2
(/ K (u)@g (x + hu) du)

h* h®
= V5 00%2(K)? + 2 (0 oz (K)pa (K)

m
+ 57g¥s (07ua(K) + Op (')
4

= 50022 (K)? + Op (Hn5?g ™ (672 + g7 +1)) + Op (K ™),
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where

A/r(X)Z_ A//(X) fO(X)2
4, (02 () (02 + g (0 R0l 00 (72) 00,

b (02 = il 02 0% + 8l (o (07200 (7))
#1208 )y (0F 0 (£2) 00
+8ml 00l 07200 (72)” 0o + 168 002 (#2) (0
48y 0y (0 (72) 00 (72) 00

0

+ 32 (x) il (%) (f;)"' (x) (f

”
70
o f,

(%) o0?

()" w2,
(

fO

J
(%)
+ 8121, (X) ALY (%) (fg) (0% + 1271, (x)rﬁ"(x)( ) (x)(

+ 877 (x)? (fg) (fg)

) (x) + 36 (x)2

+ 487, () Al () (f;)" (x) (f;’) (x) + 160, (x)?
w7 (0w (0 = g (02 (A2 (02 + 4y () g (02 (0 (7)) (0
+ 67 ()22 (x) (fg) () + 27, () A (02 (x)

) o0

0\ () o 2 x-X0°
(#) =it Sy g')’
7o —X h
m:g(X) B Z )) ZK/ )
i=1
70 X - X0 70, x - X0\ o x - X0
) ZK’(' >k,
i=1 g i=1 g i=1 g
no x - X0 no x - X0 2'70 x - X0
Z K// I YO 2 Z K/ 1 Z K i Y.O
5 (%) i=1 g ! i=1 g i=1 g !
X) =
£ no X—XI.0 no X—XQ 3
XK 3 K !
i=1 g i=1 g
0 0
%) K" _X/ % X_X/ y0
i=1 g |i= g !
no x— X0 2
%K :
i=1 g
no - X%\ no x-X°
2 Z K’ i Z K’ i YIO
i=1 -4 i=1 g D)
no x— X0 2 '
%K :
i=1 g
ng x = X0 ng - X%\ ng x— X0
Z K" i YIO Z K’ i Z K" i YIO
. 5 |i=1 i=1 4 i=1 £
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no - X0\ ng x = X0\ no x - X0
4 Z K’ ] Z K" ] K U Yio
i=1 g i=1 g i=1 g
+
%(])K X — I.O 3
i=1 g
ng - X%\ no x - X0
3 Z K” i ’ i YO
i=1 g i=1 g !
%(:) K X — XI.0 2
i=1 g
2 %Q‘ K’ B XIQ %Q‘ K" X- XIO YO
i=1 g |i= g !
%(:) P X — X/.0 2
i=1 g
) - X0 2 no x - X0
6 Z K’ i Z K’ i Y’.O
i=1 g i=1 g
+
% P X — XI.o 3
i=1 g
no x - X0 3 no x - X0
6 Z K’ i Z K i Y[O
i=1 g i=1 g
+ 7] , and
fg P X — X,.O
i=1 g
0
G pala )YO
h 1
N 4| = &
Mg (x) =g
o fg K X — XI.O
i=1
nop - X%\ L, [(x=X"\no ,[x-Xx°
225 K s K ! K L |yo
i=1 g i=1 g i=1 g !
% K X — XI.o 3
i=1 g
4 %K” - Xx? 2%)/( x=X? v0
= £ i= £ i
Ig K X — X,.o 3
i=1 g
no - X0 2 n o, [x- X0
12|13 K’ ! 3 K L 1yo
i=1 g i=1 g !
+
%c:) K X — XI.0 3
i=1 g




32

Inés Barbeito, Ricardo Cao, Stefan Sperlich




Inés Barbeito, Ricardo Cao, Stefan Sperlich 33
Carrying on with calculations leads to:
”0_1/ L (/K()‘ ( +h)d)2dﬁ1()
- u X u u X
) o v ‘
no—1 T, 2 A1
= —_— K)“dF,
— [ e & P O K )
+ Op(h6 n1_1 g_7 (‘g_2 +g_1 + 1)) + Op (h8 n1_1g_9)
ng—1h* )
= — (K
o H2(K)
ey L Y 4% 2(£9) ()2
L Amg 000 () 0 am(0?(#2) (0]
/ Mg ()" + 20 + YY) f;(X)dX
fg (x) fg (x)
+O0p(KSny' g7 (g*Z +g '+ 1)) +0p(hn;'g™). (69)

On the other hand, denote ¢z x (y) = ¢z (y) = [62(y) + 82 2 (K) + (g (y) — ring (x))?] £2(y). Then,

B (x) = 67 () (x) + 8% pa (K) £ (x),

8, = (62) WAL + 62 () 1) + 82 6) () 1),
+ 25 (Nt (N2 () + g (0 (72) (1) + g (02 (£ (5)
— 2 () g ()7 (y) = 2g (y)iing () (£2) (1),

10 = (62) DR +2(82) W () W+ 82 (#) )
+ 8% (K) (#2) () + 25 (0?72 () + 20g () (N ()
+2ig (2 () ) + 2 Nt () () )
g (02 () ()" 0+ 1200 ()" () = 25 (A (1) g ()
=2, () (#2) () rig () = 2 (g (0 (72) ()
~ 2y (y) g (x) (#2)” (1), and

$1(x) = (a;)" (R (x) +2 (&g)' (x) (f;)’ (x) +62(x) (f;)" (x)
+ 82 (K) (#2) () + 2100, (0RO (x) + 2405 (), (0 A2 ()
+ 205 (002 (72) () + 25 )iy 0 (#0) (0

— 2] ()2 (x) ing (x) — 47l () (f;)’ (x) g (x).
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34
where
1 o 2 1 o 2
~2 0 0 0 0
62(x) = ——— Kg(x—X-)(Y- | YK (x - X0V
i "0@9()(),; ! ’) nofd(x) 5 T
ng x — X0 2 ng x — X0 2
3 K L1 (y© > K L1y0
! 1
i=1 g i=1 g
B no x - X° no x — X0
%K : %K :
i=1 g i=1 g
x-X

R o [20) R o[ ()’
=1 g |i= g !
ng X - X/o 2
i=1 g
no x = X0 no x— X0
Z /( Z i )Y,O Z K Z i )Y/O
i=1 i=1

no - X%\ (no x = X0 2
Z K’ i Z K I Y/O
i=1 g i=1 g
- N , and
ng X = X[
i=1 g
no X = Xl.o no X I.O 0 2
LK 2 K (%)
(AZ)N (X) g_2 i=1 g i=1 g
O =
£ no x— X0 2
%K :
i=1 g
o, )(—XI.0 o )(—XI.0 0)2
e
i=1 g i=1 g
no x - X0 2
XK :
i=1 g
no X — XI.0 no X — XI.0 2
2 Z K’ Z K’ (Y/O)
i=1 g i=1 g
ng x— Xx0\\2
L K| —
i=1 g
2
ng x - X0 no x - X0 2
2 ’ ! Z K I (YO)
i=1 g i=1 g !
+ - RE
0 x = X;
2K :
i=1 g
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o x— X0 ng [x—X0°
Z K" i Yio 2 K i Y/O
i=1 g i=1 g
no x - X0 2
XK :
i=1 g
ng x = X0 2
Z K’ I Yio
i=1

- no 0 no x-X°
2 Z K’ i Z K’ I Y,'O Z K i Y,O
i=1 i=1 g i=1 g
ng x — X0 3
2K :
i=1 g
ng X0\ (ng [x-XO 2
Z K" I Z K U Yio
i=1 g i=1 g
ng x — X0 3
2K -
i=1 g
no x - X0 2 ng x—XO 2
3> K’ i 3 K / Y/O
i=1 i=1 g
no x - X0 5
%K :
i=1 g
2 ro 0 & ’ I0 0 2 ’ X- Xfo
2 21 K Y: 21 K Y/ > K 2
i= i=

Applying a Taylor expansion:

/K(u)2q§ (x + hu) du = R(K) (x)+ﬁq§"(x)/u2K(u)2du+O (h4)
-4 g 2 7E P

= R(K)d;g(x) + Op (h2 n61g_1 (1 +g_1 +g_2)) .
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Carrying on with calculations leads to:

1 1 R A
m W/K(U)2¢g(x+hu) dungl(X)
52(x) + 821 (K)) £ (x)
= Rn(o? ( g fo(i) ) £ dx + Op (hnﬂ (1 v g +g72))
£

_R(K) &ﬁ(f) f (x) s RO £ p2(K) ?(X) .
o h 72(x) no h 2(x)

+ Op (h n1_I (1 +‘g_1 +g_2))

_R(K) [ 6500 fg (x)

"~ noh 79 (x)

+ Op (h n{' (1 +g7! +g’2)) +Op (h’1 g2 nﬂ) . (70)

Assembling terms (69) and (70), and inserting them in expression (68), Lemma 2 holds.

Proposition 3. Assume conditions (C1), (C2), (C3). Suppose, additionally, that ng — co, h — 0 and ng h — oo. Consider
hn, a sequence of bandwidths such that hf,o < oo for some A > 0 and that ngh,,o — oo forsomen < 1 - s~1. Assume
no

further that (ng h)~"/? log (h‘1) — 0as ng — oo, h — 0 and ng h — . Then,

1
log B
nd2p3z | 7n

. ax 6 h ! h'2
ISE* (h) = ISE* () + Op- () + Op- ;- log 1 | + Op- | Z55 | + O
n
0

almost sure with respect to P, where
ISE*(h) = / (rﬁLVW*(x) —rﬁg(x))z dF}(x), and ISE® (h) = / (,;,,'yW*(x) _,ﬁg(x))zdﬁ;(x).

Proof Given that ng — o0, h — 0 and ng h — oo, we have:

sup ‘fho*(x) - f;f(x)) — 0in bootstrap probability as ng — oo, (72)
X
and
20 20 2 =1/2,-1)2 1\
sup ‘fh (x) = £ (x)) = Ops (h +ny'%h (Iog E) ) . (73)
Moreover,
sup ‘rﬁ,’:’w*(x) - rﬁg(x)‘ — 0 in bootstrap probability as ng — oo, (74)
J
and

1/2
Sljp|ff7,’7vw*(x) - Iﬁg()()| = Op (h2 +ny P12 (Iog %) ) . (75)
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Focusing now on MISE*(h), it is straightforward that

MISE*(h) = MISE™(h) + E* /ZATA;dF;(x) +E /(A;)2 dﬁ;(x)],
where
. ¥ (x) B g (x)F2 (x) 1 Oen L On
TR R _nof"(x)ZK”(X X = g ()
(£ 0 - #200)

Ay = (NW*()() mg(x)) 00
£

and MISE?#*(h) is given in (66). On the one hand, using expression (59) as well as (C1)-(C3), it turns out:
W2 A \“2
/J(Az) dfj(x) = VJ (A3)* dF](x)
00 -7200)

- ‘/J(m,’;’w*(x) ~ g (x)) ( oo

fg (x) dx

g (x)
g (x)?

il

< sup

AW () mg(x)‘ sup‘fo*(x) fO(X)‘ //

fy (x) 1 12
_ g 2 -1/2 —1/2( o
= = dx | Op= |h°+n, '“h log
/Xej 72 (x)2 F 0 h
o

p max{h2 “12p ‘/2(

dx( (
_ g () 2 1/2,-1/2
- /xej 7(x)? dx(o”* (max {h ( o8

1/2)4
z> i
fgl(x) 8 -2
/ fO(X)Z dx | Op+ max{h h2 Iog

f (x) 8, 2,2 z
- G L ('°gz)
2
= Op+ (hs) + Op+ (nazh_z (log %) ) . (76)

The first addend in expression (76) is negligible in comparison to the second term in expression (66). Analogously, the
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second addend in expression (76) becomes insignificant compared to the first term in expression (66). In particular,
12 1\2 12
(/ (A;)z dﬁ; (X)) = (OP* /78) + Op+ (I‘I _2 (|0g*) ))
J h

(
[or o .oghy))”:
o)

(ma nozhz(.og;)})
o max{. 7'~ g )
o |
O

4, -1 1
b +ngh” (Iogh))

h4) + Op- (n01h (Iog %)) ) (77)

Moreover, thanks to expression (66), we have

E UJ (A1)? aFy (x)] = 0ng"h 4 4%, (78)
Applying Markov's inequality to expression (78), it turns out:
"2 A _ e
/j(A1) dF)(x) = Op+ (mg"h" + 1*). (79)
Thus,
2 A1 2 11, p4)) 2 _1,01 4412
/j(A1) dE} (%) :(OP* (no B 4k )) = Op+ max{no h ,h}

= Op- (max {my 20712, 12}) = Op+ (ng"2h7V/2 4 12)

= Op (n61/2h‘1/2) +Ops (h?). (80)
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Bringing together expressions (80) and (77) and using Cauchy-Schwarz inequality, we compute:

1/2

1/2
< 2(/J (A1) dF) (x)) (/J (45)? dF;(x)) (81)
=2 (Op (h4) + Op+ (n51h" log %))
2 =1/2,-1/2 1
. (Op (h ) + Op+ (”o h log 5))
h'/? ho 1
= OP* (hG) + OP* (ng)/z) + OP* (70 |Og E)

log %
7\ G | 2

|/ Ar Ay dFy (%)
J

The first addend in expression (81) is negligible as compared to the second term in expression (66). Furthermore, the

fourth addend in expression (81) becomes insignificant in comparison to the first term in expression (66) if

Io1
&4

né/2h1/2

ash — 0, ng — oo and ngh — oo. It remains to be seen what happens with the second and third addends in
expression (81). We begin with the second one. Given that (na'h" + h4) - noh = 1+ h°ny and the bandwidth # is of

the form n=%,a > 0, then

e If nph® — ¢, being ¢ a positive real number, then n(;1h‘1 ~ n64/5 and A% ~ n64/5, which implies that A ~ n61/5,

and

72
~1/5 _
h'/2 ("0 ) ”07/10 65 _, o
SR T = e =0 0 asn— oo
no n nO

o |If noh5 — 0, then

h7/2
172
0 1/2,9/2
o h

0 _Lo0en — 0 ngh’ — 0,

A
noh

which is true providing that ngh®> — 0.
e If ngh® — oo, then

h7/2
n1/2
% —0en)'?h1? — 0 & noh — oo,

which is true providing that ngh® — .
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H/2 1
Therefore, — = o (— + h4).
72
My

Finally, as for the third addend in (81),

e If nph® —> ¢, being c a positive real number, then

—6/5 /5
Mo

Iogné — 0, as ng — oo.

h o 1
no & h
e If ngh®> —> 0, then

Zlog
1
u:hzlogz — 0o — 0o nh’ — 0,

1
no h
which is true providing that A — 0.
e If ngh® — oo, then

= — 0o noh3 —> 00,
which is true providing that ngh® — .

Therefore, h log L o (L + h4).
no h noh

Considering this last reasoning and collecting terms (80), (77) and (81), expression (71) is proven.

5

MISEa’
(66) and (67), respectively. Under regularity conditions (B1)-(B4) and assuming that g is of order Y 2, it holds that
g )

Theorem 4. Consider hprsga, its bootstrap version, h and haprsea, which are the minimizers of expressions (26),

h —h a
* — -7/10 MISE? MISEZ -1/2
hMISEa - hMISE" = OP (no ), and W = OP (no ) (83)
Proof Consider hyssea, its bootstrap version, Ay, ..., and haprse, which are the minimizers of expressions (26),
(66) and (67), respectively. Hence, it is obvious that AMISE®’ (hi\MISEa) = 0 as well as MISE? (hprsea) = O.
Moreover, applying Taylor expansion to MISE? (h7wzsga) towards the point Ay, rsea, leads to:

MISE® (hyrses) = MISE® (hyrsea) —~ AMISE? (hamrse?)
+ (M rsee = hmrsea) - MISE™ (hyrses) +
. 2
t3 (Phrsea = hmrses)

MISE™" (hprsee)s (84)

where hprsea is an intermediate value between hyrsea and Ay rsea. As a consequence of expression (84), it follows
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that:

MISE® (hprsea) — AMISE? (hamrsea)
MISE®" (hprsea)

hyrses — hmrses = —

“(T+o0p(1)

_ MISE®™ (hamises) = AMISE? (hamrsea)
MISE®” (hamisea)

<(T+o0p(1))

_ _AMISE® (hamrses) = AMISE? (hamrses)
AMISE?" (hapmrsea)

~(T+op(1). (85)

Thanks to expressions (12) and (35) in the paper, we have:

R(K)
3
AMISE?

AMISE? (hamises) = A+3h:, ora ta(K)2 B

noh
= n?%. [R(K)A+3y2(K)ZB], (86)

and,

AMISE® (hamrsea) — AMISE? (hamrses)

- _% (Ag = A) + Faprsea 2 (K2 (Bg - B)
o hymrses
==y |R(K) (Ag - A) + 12 (K)? (B - B)]
= —ny* gt [R(K) +,u2(K)2] (87)

—n 1110 [R(K) +y2(K)2] .
Considering now expressions (35) in the paper and (86) above, it turns out:

AMISE® (hamrses) = AMISE®™” (hamrses) — AMISE? (hamrsea)

+ AMISE? (hamisea)

= AMISEZN (hamrisea) + Op (/759/10) . (88)
Therefore, combining expressions (85) and (88),

AMISE®™ (hamrsea) — AMISE? (hamrses)
AMISE? (hamrsea)

hyrsea — hmrses = —

~(T+op(1).

Finally, collecting terms (87) and (88), and plugging them into (85) leads to proof the result in Theorem 4.
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2 | PROOF OF THE RESULTS PRESENTED IN THE APPENDIX

Lemma 3. Consider the expressions for A ¢ and A from the paper. Then,

g —A= Za, ol o+ (89)
whereko_6 a;=1,a =-1, a3_1 ag = -1, a5_—2 25——2 V1(X) (X) VZ(X):M V3(X): f1(X)
fo(x)’ o2 7 fO(x?
v = L0000 (0
fo(x)3 fO(X)3
()7 (x)
V6(X) = 7,& :0,€2:0,€3:2,€4:O,€5:1,€6:0,I’1 :O,I'QZO,I'3:O,I’4:O,I'5:O,I’GZO, [5’1] :1,

fO(X)4
[s21 =0, [s3]1 =0, [s4] =0, [ss] =0, [ss] =0and Ay = O (ro,n, ), With

) - () dx+/(fg"(x)_fo(x)).(\Pz,g(x)_wz(x)) dx (90)

fo,ng =

07 = 000?) - (¥, (0 - ¥2 () dx+/(¢,,g(x)—\v1(x))2 dx

/|

+/(fg()(x) fo(x) (o‘ OF () -0 (x)f1(x)) dx
/1
[ (e

p (x) (f‘ (x) —f1(x)) dx+/ (;?;(x)?—fo(x)z)z dx.
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Proof Our aim is to obtain upper bounds for Ag — A. On the one hand,

A2 £1
i [SWE00 P (0f(x)
A A_/ 7o) o ,/ Gy~

-/ ARG ACIRO J S2()f1 (x) (200 = ()
£O(x) £0(x)2

+0 (/ (R0 - f"(x))2 dx

+/(f;(x)_fo(x))'(&E(X)Q(X)—Uz(x)ﬂ(x)) dx)

dx

_/ (ag(x)—az(x))f; (x) dx+/ 2(x)

N O(x) £ (x)

a2(x)F1(x) [ 4
—/ 5007 |20 = x| ax

+0 (/ (R0 - fo(x))2 dx

o[ (=) (w5 0 -etr' ) )

[f; (x) - f! (x)] dx

[6; (x) - D'Z(X)] dx

:/ (érgz(x)—cﬂ(x)) (B _f1(x)) dx+/ £ (x)

O(x) O(x)

+/ ‘;:,((;(; [0 -0 dx—/ "2%2;2(") |00 - 00| ax

+o(/ (fgo(x) —f"(x))2 dx
+/ (f”g"(x)—fo(x))~(a§(x)§,‘(x)—a2(x)f1 (x)) dx)

- [ 58 [z -] ax+ [ 252 (00 - 100 o

_/UZ(X)f1(X)
fO(X)Z

+o(/ (i?(x)—fo(x))2 dx

+/(fg9(x)—f0(x))-(&é(x)f;}(x)_az(){)ﬂ(x)) dx)

|00 =200 ax

+0 (/ (ag(x) - o‘z(x)) . (Qj (x) - f! (x)) dx) ) (91)
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Furthermore,

o(x)
_/ 10 | Wag (0 ¥a(0) dx_/ Floo [Fe® ¥
S0 [ R 0 0 | Bz~ 2
/f1(x) Byp(x) —W¥a(x)  Y2(0) (f}(x)—fo(x))
= - dx
FO(x) £O(x) 70(x)2

i F1(x)
O (x)

+0 (/ (f;(x) - fo(x))2 dx+/ (fgo(x) - f°(x))

(%2 00 = ¥2()) dx)

+0 (/ (,{g(x)? - fo(x)2)2 dx +/ (ﬁ;)(x)z - f°(x)2)

-(\if{g(x) - \vf(x)) dx)

- / 7:;((;)2 [¥2,(x) - ¥2(0)] dx—/ %\33@ [f;(x) —f°(x)] dx

+0 (/ (HOE fo(x))2 dx

+/ (fgo(x) - fo(x)) . (\'PZg(X) —‘VZ(X)) dX)

+0 (/ (P02 fo(x)z)z dx

+/ (R 002 =F002) - (¥2, 00 - ¥2(x) dx)

:/ F1(x) [‘T’z,g(x) —"l’z(x)] dx—/ 7’:1()()\}‘2()() [fgo(x) —fo(x)] dx

W20 -¥2(x) R0 (702 - f°<x>2)]
- - dx
FO(x)2 0

£O(x)? 9(x)3
1
—2/ % [\Phg(x) -¥ (x)] dx
f] \|/2 N

£2(x) - fo(x))2 dx +/ (fg"(x) - f°(x)) : (\Pz,g(x) - \I’g(x)) dx)

n 2
W (x) = ¥ (x)) dx)

70(x)2 - fo(x)2)2 dx

(9002 = 19002) - (¥, - ¥2(x) ).

(92)
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In the following remark (expression (93)) is collected the proof used in last equality of (92).

Remark 2. Let ¥, be the estimator of \¥,. Then:
Y2 _y2 = (%wvz) : (\Pz —‘+’2) = (% —¥ Y +\v2) : (% —wz)
=2% [#, - + 0 ((% - ‘I’z)z) .
¥ -¥ = (V¥4 ¥2) - (- W)
= (@g_wgwg + W, - W2 2 +\v2) -(\Pz —\vz)
= (3w22 + (W) - (P =¥y + ¥ (W, — \v2>) ( wz)
=3¥2[¥ -] +0 ((\Pz - \vz)z (% +¥) - (o= ‘-I’z)) .

W - vh = (94 929+ ¥ 4 W2 - (W W)

(( w3)+w23+(¢22w2—w23)+w23+w23
(\vz\vz \v3) + \v3) (\i'z - \vz)

¥+ (B -93) + 9, (- ¥3) + ¥ (- ¥2) ) - (W2 - W)

1]
.;;A

=43 ¥, - W2]+0((w2 vz)

)( ¥)+ (“fz-fz)-(“?%-“f%)%

w2w3 - \v“) WA (\v2~?3 - \|’4) + \|’4) : (\PZ - \vz)
= (% -v8) + 4 + ¥ (- o) + 2 (B - ¥3)) - (%2 - o)
= 4¥ [¥, - W] +0((w2 ¥o) - (¥4 -vg) + (wz—wz)z)

+o((w2—w2) : (\Pz —Wz)).
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Then,

V2 _W2 = 2%, [#, - ¥, +0((4’2—\v2)2), (93)
$3 w3 = 3v2 ¥, - ¥,
+o ((% )+ (Ba ) - (¥ wz)), (94)
W owh =43 [ -+ 0 ((% - \vz)z + (% - \I’z) : (‘1122 - \I’ZZ))
+O((‘~i’2—‘~l’2) . (\?’23—‘1’23)), and (95)
VS-S = 4wt [ -]+ 0 ((\Pz ~¥) - (V- ¥h) + (W - wz)z)
+o((%—w2) : (\Pg—wg)). (96)
Combining expressions (92) and (91), Lemma 3 is concluded.
Lemma 4. Given the expressions for Bg and B (from the paper), then Bg — B consists of a sum of 60 terms similar to those

in expression (89). Specifically,

k1
Bg—B:Za,'C[S'V] + By, (97)

vi.li.ri
i=7

where k; = 66. The functions v(x), and the values of r, ¢, a and [s] are collected in Tables 1-3. Additionally, term By is of
order O (r1,n,) With r1 5, being also given in the tables.

Proof Focusing now on expression Eg - B,

Bg -B= / [rﬁ;(x)zﬁg1 (x) — m”(x)zf'1 (x)] dx

’ ’

om0 (72) Cofl ) m om0 (£2) (0fT (0
+4/ 5 - 5 dx
P (x) fO(x)
02 (£) (0200 m (02 (7) (02 0
+4/ mg X (Ai) X g X _m X (O) X X dX, (98)
0 (x)2 9 (x)2
where
B :=/ [/ﬁ;(x)zf;(x) —m"(x)zf1(x)] dx,
A () () Cofl ) m om0 (£0) 0fT (0
B; _4/ QO(X) - 7500 dx, and

dx.

| () e () oo
T / g ()2 FO(x)?
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10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

TABLE 1 Values of v;(x), rj, ¢;, a; and [s]; in expression (97), i € {7

vi(x)
(fo)l ()2 (x)m’ (%)
fO(x)3

(F) (02! o (0¥} ()

fO(X)4

(F) (02 om0 (£9) ()

fO(x)%

m (02 (F0) (2
fO(x)2
w0020 (£9) (0
fO(X)Z

’

(F) 02 om0 (79) o0

fo(x)4

’

(7°) x02e om0 00

fo(x)4
m' (0% (£) (02" (x)
fO(X)S
f1(x)m” (x)
£0(x)
£1oom” ()Y, (x)
fO(X)Z
F1om” ()W (x)
fO(x)2

”

F1o0)m” (x) (fo) (x)
fO(X)Z

”

F1eom’ (0¥ (0 (£°) (0

£0(x)
Fl0m’ (0¥ (x)
T Am
F1oom” (0 (£0) ()
fO(x)2

’

F1oom” (0% (0 (£°) (0

fO(X)S

’

F1oom” (0¥ (0 (£°) (0

fO(x)3
F1om” (x) (fo) (x)2
fo(x)3

Floom’ 0% () (£9) (2

fo(x)4

m// (X)2
’

¥ (0¥ (0 (£°) (0
fO(X)S

[s]i

.....

T

aj

-16
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i vi(x) [sil & ri a;
J 1" —I
X
Y0 (7)) (0f' ()
29 FO(x) 0 1 2 4
¥/ (0 () (01 (0
30 79(x)3 0 1 1 4
m (x)m” (x) (fo), (x)F' (x)
31 79(x)2 0 0 0 —4
Y0¥ (0 (£°) (0F! (0
32 o 0* 0 0 0 -8
(0 (£9) (03100
33 79(x)3 1 0 0 8
%00 (£9) (03 (0
34 70 (x)5 0 1 0 8
¥, (0% (0f1 (0 (£0) (02
35 x5 0 0 1 24
(F) 0*¥Gof! ()
36 TR o 1 1 8
Y1) (F°) (02 00f1 (x)
37 (x5 0 0 0o -32
Y10 () 0% 00 (£°) (0
38 O 0F 1 0 0 -4
¥ (0 () (0¥ (0f! (0
39 7900 0 0 1 —4
¥ (x) (O ’ (x) (O ,(x)f1(x)
40 10 () fo(x()4) o 1 0 -4
¥ (0¥ (0 (£°) (0F (0
41 7904 0 0 2 -4
(7) w0 () orteo
42 O x)F 0 1 1 —4
Y0 (1) o0 () 0f' ()
43 79(x)3 0 0 0o -12
¥ (02 () (x2
44 7’:()()()4 1 0 0 -8
¥, (02 (0 () ()
45 0 0 0 1 -16
(F) (02 (0¥ ()
46 79(x) 0 1 1 -16
¥ 002 () (02 (0
47 7O(x)5 0 0 0 24

TABLE 2 Values of v;(x), rj, ¢;, a; and [s;] in expression (97),/ € {28,..., 47},
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49

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

TABLE 3 Values of v;(x), rj, ¢, a; and [s;] in expression (97), i € {48

vi(x)
(F°) C2¥r 0¥ (0
) fo(X)4
() 021 00f1 ()
fO(x)*
(F) (2% Gof! ()
fO(x)* )
¥ (0¥ (0F1 (0 (£°) (0
: fO(x)*
(F°) 2w 0¥ ft 0
fO(x)5
(F) ot200
O(x)®
(F) (0 0¥ ()
fO(x)6
Y2 (0f ()
) fO(x)3
(r°) c0*¥20ft 0
) fO(x)7 )
(F°) 0202 (£0) ()
fO(x)3
(7°) o2 (021 (0
S AN
(7)) 002 (#°) cof' w0
”fo(x)s )
Y02 () 0f (0 (£9) ()
O(x)3
(7) (0291 (02 (#9) Goft (o)
; fO(X)6
(F°) (021 00¥ (0
O(x)3
(F) 0P Gof! ()
fO(X)S
(F) (3% 01 (0
O(x)3 )
¥ (0¥ (0F1 (0 (F°) (02
; fO(x)3
() 0¥ 0¥ 0f! (0
fO(x)%

[si]

NN

66}.

i

-16

=32

32

-16

24

-32
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We will focus on term By in the first place. Carrying on with calculations, considering expression (93), it leads to:

B ::/ [rﬁ;(x)zf; (x) —m"(x)zf](x)] dx
:/m;(xﬂ@(x) dx—/m”(x)zﬂ(x) dx
= [ A2 (£ 0 -1 0+ £10) ax = [ m (0% () ax
= [ £100 [mp0? - 2] ax+ [ g 0200 - 100 ox
= [ £100 [mp0? - 2] ax [ " 027 00 - 1]
+ [ (@007 = m" (007) - (7 00 - £ () o
= [ £100 g0 - 2] ax [ " (027 00 - 100 o
+0 (/ (rﬁ;(x)z - m”(x)z) : (ﬁ; (x) = f (x)) dx)
=2 [ 1m0 [mg 0 =m0 dxs [ 007 £ 00 - (0] ax
+0 (/ (m;(x)z - m”(x)z) : (f; (x) - f (x)) dx)
+0 (/ (m;(x) —m”(x))2 dx).
Furthermore, considering expressions (93), (94) and (95), it turns out:
2 [ £100m” (0 [ (0 = m” ()]

L0 W ()
- 1 g _ N
_Z/f ()m (X)[ P 00

Ws00 (7) 00 RS () (0

R por |

- 2/ f! (x)mN(x)

DY T m] )

2(x)? O(x)2

g0 () 02 w100 (£°) (02
A - dx
2 (x)3 O(x)3

+ 4/ 1 oom” (x)

! i "
:2/ % W0 - ¥ (x)] dx
_2/ £1oom” ()Y (x)

FO(x)2 [f;(x) - fo(x)] dx

(99)
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Floom’ (0% 0 (F) (0
w2f 00

[f?(x)A' - fo(x)4] dx

FLeom" (0¥ (0 (£°) (0
wf 00
?)

f1(x)m"(x) -
_2/ e W00 (

;
—a [ PP Ny () 00 -% 00 () 0
f

[i‘ﬁ'go(x)2 - fo(x)z] dx

0 -¥n () <x>] dx

7
’

dx

fO(x)2

o [ EE 0 () o -0 (1) 7] o

Floom’ 0w 00 () (o7
—4/ o |f;(x)3 - f°(x)3| dx
£ 00* - f°<x>3)2 dx) +0 (/ (F200?- f°<x>2)2)

£(x) - f°(x)) : (‘@’{g(x) v (x)) dx)

/1
/1
+0 (/ (720()()2 - fo(x)2) : (%,g(x) (ﬁ‘?) (X) =¥ (%) (fo) (x)) dx)
/1
/1

@(x)z—f"(xﬁ)-(@’{,g(x) ) (0 =¥ (0 (£°) <x>) dx)

(%
B fO(X)3) - (%’g(x) (f;)/ (07 = ¥1 (x) (fo)/ (x)z) dX)
=2 / f (:gg)m ¥/, 0 %] (0] ax

1 ” 1"
_2/ M [f;o(x)_fo(x)] dx

fO(x)2
i / f1(f);)(,:)2()() (q’tg“)“*’“"))‘(f;)” (X)] o
1 ! o)"
+8/ Floom Ui:’;i)” () [7000 = £0(x)| ax
o O ) () oo o
_4/ f1(f)(())(,:)2(X) (q’;.g(x) _\F; (x)) ' (ng)( (x)] o
1 4 o)
+8/ 1 (x)m <Xf>0"(’1x<)§> (f ) » [ﬁ;(xwff’(x)] dx
o [ T 1) - o]

+4/ f1(f)§>)(,:;3()() (qlhg(") - (X)) ' (f;)l (X)z] o
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Flom’ (0% (0 (£0) (02

-z f 700
+o(/(

vol [ (00 -0

vol [ (00 -0

vol [ (00 -0

+o(/ (R00?-00?) - (\'F1g(x)
+o(/ (@9()()3 fo(x)3)2d) 1o}
v [ (002 r0007) (¥ 0 ()
+0(/ (R00% - £2(0?) - ("P1g(x)
:2/ f! (:3:()(’() [‘-I»’Lg(x)f‘ﬂ (x)

Floom” ()Y (x)
_2/ £0(x)2

f1o)m” (0¥ (x)
_2/ O (x)2

[éo(x) - fo(x)] dx

R02-(0?) dx) +0 (/ (2002 fo(x)z)z dx)
) (%, (0 ¥ () dx)
) (F0® - o) dx)

) (R0?-x?) d )

(f;) (X) =¥ (x) (fo) (x)) dx)
( f°(x) fo(x) dx)
) (0 =¥ 00 () (x)) dx)

(%)
(0 ) (02=¥100 () (X)Z) dx)
| ax

[fg"(x) - fo(x)] dx

() -

) 2/ F1om” (x) (fo)” (x)

fO(X)Z

7m0 (0 () (0
w2 f 00

£1om” (0¥ (x)
_4/ £0(x)2

(#) -

i 4/ Fo)m’” (x) (fo)/ (x)

fO(X)Z

+8

A oom’ (0% (0 (£) (0

fo(x)3

8

+

/f1<x>m (0¥ 0 () (0

fO(X)B

1 oom” (X) f° (X)2

+4

fO(X)S

-12

+0

+0

fo(x)4

£ 00% = F0(x)?

/ P’ (0% (0 (£0) (02

)

2(x)2 - 0 (x)? dx)

2
dx)

(fo)” (x)| dx

[¥1,(x) =¥ (x)] dx

[f;(x) - f°(x>] dx

(fo)/ (x)] dx

¥4 00 =¥, (x| ox

[@9()() - fo(x)] dx

() o0 () ] o

[#1,(x) =¥ (x)] dx

[éo(x) - fo(x)] dx

/
+0 (/ (B200 =000 - (¥7,0 =¥ () dx)
/1
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+0 (/ (B2 00? - fo(x)3)2 dx)

£2(x) - fo(x)) . (f;(x)3 - f°(x)3) dx)

+0

+
QS

007 =1002) (#1500 () 0= ¥100 (7)) ox)

+
QS

P02 - 207 - (‘P{,g<x> (72) 0 =¥ 00 () <x>) dx)

+
QS

£2(x) - fo(x)) . (f;(x)z - fo(x)z) dx)

+
QS

#1500 =¥/ ) - ((7) 0= () (x)) o)

HOMAIONE (%,g(x) (%) 02 =¥t () <x>2) dx)

+
e
LY
PAS
>
X
|
-
o
<
>
X
=
Q.
X
=

”

Prg(0 -¥i(0) - ((fg") x)- () (x)) dx)
(%) 0o~ () (x))2 dx)

By 0(x) - ¥ (x)) . ((f;) (x)? - (fo)/ (X)Z) dx) , (100)

+
QS

+
Q

e — ——
>

+
Q

+
o]
el
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Plugging expression (100) in (99) leads to the following expression for By:

B ::z/%{")m[ 00— ¥ (0] dx+/m”(x)2 |70 = £1(0] dx

_Q/W[fgo(x)—fo(x)] dx
Y AT LU LG T WL ) %

o 7m0 () (0

£0(x)2 [\Plg(x)_\lﬁ (x)] dx

7 om’ (0% (0 (70) (0
+ 8/ 00

—4/ 4’:1 (X):z:(i);)z‘*’;(xi) (fo)/ (x) = (fo)/ (x)] dx

[go(x) - f°<x)] dx

L0 -V (x)l dx

o 7 om0 (£0) <x>l

fO(X)z

Fom’ (0% (0 (F) (0

+8./ 9(x)3 [fo(x) *fo(x)] dx

+8/ flx)m” ();)O‘;’L();‘) (fo) (x) (fg) (X)_(fo)/ (X)] dx
1 oom” (x) f0 (X)z .

+4./ 0 (x)3 [W15(x) =¥ ()] dx

of 7 m” 0% 00 (79) (02

s [f;(x) - fo(x)] dx
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+0 (/ (fo(x) - fo(x)) : (‘T”;/’g(x) - w{’(x)) dx)

ol (- ol -

+
QS

R =00 - (R0?-x?) dx)

+
QS

007 =1002) - (5 00 () 0= (7)) ox)

+
QS

R02- (02 (\P{’g(x) (@9) (x) = ¥ (x) (fo), (x)) dx)

+
QS

R =00 - (02 -7 dx)

(7
(7
(
(
(7
(%500 =¥, 00) () 0= () ) ax)
(7
(
(¥
(
(7%
(¥

+
QS

B00% = 100%) - (W50 (72) (09100 (7] (0] o)

+
QS

£O(x) - fo(x)) dx)+0(/ (mg(x)—m (x)) dx)

+
QS

P =¥ () - ((f;) (x)—(fo)” (x)) dx)

+
c

()2 =m' (x) ) (Q(x)—ﬂ(x)) dx)

+
Q

+
e e — — —— — —— ——— ——— ——— ——_

9(x)2 = £9(x)2 ) dx) +0(/ ((f;) (x) - (fO)’ (x))2 dx)

Prg(x) - w,(x)) (( 59)/ (x)?% - (fo)/ (X)z) dx)_ (101)

\\\\\\\\\\\

+
Q

We now move on to achieve a deeper insight of term B,, considering expressions (93), (94), (95) and (96), it follows
that:

/ 0 () () C0F 0 m om0 (£2) (0F! (0
Byi=4 _ - dx
2(x) O(x)

f%(x) [’f’/gmfﬁ;(x) (8) coff 0 =m' com" (0 (£°) (of! (x)] dx

m om0 (#9) COF' ()
_4/ 9(x)2

+0(/ (fg‘)(x)—fo(x))2 dx)+()(/ (R0 -7°w0)

(m (x)mg(x)( ) O () —m (om” (x) (fo) (x)f1(x)) dx). (102)

[f;?(x) - fo(x)] dx
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Computing further calculations with the first term in expression (102) using (93), (94), (95) and (96), we have:

of

iy (X) e () (f°) OF () =m (m” (x) (fo) (x)f! (x)] dx

:4/ f°1<x>

¥ 00 () 0 g0 0 ¥ (£) (P00 0

9, (0%, 00 () A0 ¥,00% 00 (1) (0G0 )
(2 ) O (x)2 )

dx

+ 8/ f°1(x)

f;() (X)4 fo(x)4

”

¥, () 0% 00 (£ ) (O (x)

- 4/ f°1(x)

P (x)3

fO(X)3

%00 (79) (0w (£0) Gof! (x)\ .
— X

W02 (7)) PR W02 () 0% )

- 8/ f°1(x)

dx

Ao(x)3 fO(x)3

e (x)? o003

(7)) (0215 00%, (0B G0 () (02w <x>~v;'<x)f1<x>] )
- X

- 4/ f°1(x)

(7)) 0%2, 08 (0 () (0*¥2(0f! (0

dx

-8 [ 7

[(79) (029502 () G0f) ()

R ()3

+ 4/ f01(x)

2(x)*

fo(x)4

(F) 0202 (F0) ! (ﬂ
- dx

+ 8/ f°1(x)

[(f:)'

(0¥, (0¥ (0F (x) ) (F) 0P, uwm‘ 5 w09

£ 00 FO(x)*
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The first addend in expression (103), using (93), (94), (95) and (96), happens to be:

4/f°1x>
1

%) FOx)3

4/ fO( )3

¥ (0¥ (0 (£°) (0F! (0
_4/ (x)5

+0 (/ (féﬁ)(x)2 - fo(x)2)2 dx) +0 (/ (f;(x)z - f°(x)2)
.(\Pg’g(x)q‘;ig(x) (Q?) (0f (x) =¥, (0¥ (%) (fO)' (x)f! (X)) dx)

Y0¥ (0 (£°) (0F! (0
_8/ O(x)4

+0 (/ (B2 00?- fo(x)2)2 dx) +0 (/ (R0?-rx?)
.(\P{’g(x)q’;tg(x) (fgo) (OF () =¥, (0¥ (0) (fo)/ () f! (x)) dx)

+0 (/ (@9()() - fo(x))2 dx) . (104)

V0¥, 0 () R0 ¥ 0¥ 00 () 0f' (0
(02 ) 0002

dx

¥, 0¥, 00 () (0F 00 =¥ (0¥ (0 (£°) (0 (0

|#2002 = £ (0?| dx

dx

¥, 0¥, 00 (7)) (0F 00 =¥ (0¥ (0 (£°) (0! (0

[f;?(x) - fo(x)] dx

Working out calculations with the first term in expression (104) leads to:

4/ f0(1x)3[ ¥, (0¥ 00 (7 ) OF () =¥, 0¥ (x) (fo) (! (X)] dx

Y0
= 4/ fO(X)S

N

¥, (0 (f") (070 =¥ (0 () (x)ﬂ(x)] dx

ca [ s [(91,00-¥100) ¥, 00 (70) o 00 o
:4/% (72) & 0= (F) (0 (0] ax

v i | (Wetn o) @ o] o

/ 7 (%)
fO(X)3

/fO( E [(%g(x) ‘V1(x)) (‘i’{g(x) \Iq (x))( ) (x)f (X)] dx

(¥,500 =¥ 00) (%) 0f (x)] dx
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’

/ ¥ (0¥ 00 (F°) (0

—4 £9(x)3 |20 =] ax
o [ O (@ =) ) o]

e ()

£0(x)3 [(‘{Aﬁ”g()() - \V;I(X)) . f; (X)] dx

Bl

fo(x)3

V] (x)
+4/ 7)(0()()3
¥ (%)
+4/ 7’:0()()3

it

(¥, 00 =¥ 0) £ (x| ax

(¥ 00 =¥ () - ((fé?) (x) - (f°)' <x)) fl (x)] dx

dx

(¥1.,(0 =¥, 00) - ((f;")' (0 () <x>) AB

[(#,00 =¥, 00) - (¥, 00 =¥ (0) (0] ax
+4/ ﬁ (¥, 00 =¥ 00) - (97,00 =¥ ()
((f;’) (x) - (fo), (x)) £ (x)

Y0¥ 00 (°) (0
:4/ fo(x)3

¥ OY, (0F! (%)
+4/ —fO(X)3

dx

[ff; (x) - f (x)] dx

() 0= () 00 ox

vaf "’ﬁ;i‘j’;*’ (%) o0~ () (x)).(f;<x>—f1 )

’

dx

[‘?’;’,g(x) - ‘I’;/ (x)] dx

¥ (0 () (0f' ()
+ / fo(x)3
o ¥ (0 (#°) (0f! ()

o [\i’{’g(x) —\v{(x)] dx

e ()

oo L(Fa =¥ 00 (f 00 - 100)] ax

o f i W om0 o) o

+4/;g%g@ﬁAn_wany«@fu»%”f“ﬁ
(R0 =100)] ox

LBl

fO(X)S

[(¥,0 =¥ (0) - (B0 = £ (0) | ox

+4/ w;';:():;S(X) (‘T’;’g(x) —‘P{ (X)) . ((f;f’)/ (x) - (fo)/ (x))] dx
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+4/ % (\P;,g(x) -V (x)) : ((fgo)/ (x) - (fo)/ (X))

(B -F1x0)] ax

. 4/ (fo)/ ()F1(x)

fo(x)3

0
vaf () 0 [(¥ 500 = ¥,00) - (¥,00 =¥ ()

fO(x)3
~(fj;(x) _f (x))] dx

[(\T’;’g(x) -V (x)) : (\P;fg(x) -y (x))] dx

+4/% (‘P{,g(x)—\v{(x)).(\p;',g(x)_w;,(x))

-((f;?)' 00 - () (x)) dx
w4 [ s [(¥,00 =¥ 00) - (¥,00 =¥ (0)
: ((f;‘))’ 00~ () (x)) (00 -1100) | ax

¥ 0¥ (0 () 0
=4/ 0(x)3

Y (0¥, (0)F (%)
*4/ | [

[f‘ (x) - f1 (x)] dx

) (x) - (f° (x)] dx
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Plugging expression (105) in (104), the first addend in expression (103) happens to be:
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The second term in expression (103) turns out to be:
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Carrying on with calculations considering the first term in expression (107) leads to:
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Plugging expression (108) in (107), the second addend of expression (103) turns out ot be:
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Carrying on with calculations with the third addend in expression (103), using (93), (94), (95) and (96), it leads to:
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Working out further calculation with the first term in expression (110), using (93), (94), (95) and (96), it turns out:
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Plugging expression (111) in (110), the third addend in expression (103) happens to be:
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The fourth addend in expression (103), using (93), (94), (95) and (96), happens to be:
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The fifth addend in expression (103) turns out to be, considering (93), (94), (95) and (96):
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Working out calculations with the sixth addend in expression (103), using (93), (94), (95) and (96), it leads to:
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Carrying on with calculations with the seventh addend in expression (103) following similar steps as in the previous
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expressions, it turns out:
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Finally, following analogous steps as in previous expressions, the eigthth addend in expression (103) happens to be:
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Collecting terms (106)-(117) and plugging them into (103), we obtain an expression for term B, (102), given by:
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({2 -1 o) ) (1) (e )
(P02 =915002) () 0= () (0] (700 -7'0) ax)
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Finally, it remains to work out further calculations with term Bs3. Considering expression (93), it turns out:
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~(fg1 (x) = f! (x))] dx+0 (/ (P02 f"(x)z)2 dx)
vo [ (o0 -r00) ax)+o (/ () o0~ (r0) (x))2 dx)
+0( [ (e = ) ax| + 0 [ (2007 - 2007

(002 (8) 0200 - m' 02 () 0020 )
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Bringing together terms (101), (118) and (119), and afterwards plugging them into (98), Lemma 4 is proven.
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Furthermore, term ry ,, in Lemma 4 is given by:
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o [ (¥,00-¥i00){(#) 0= (%) 00] - (Hs00 - ¥100)
() = () 00) - (700 -0 ax
# [ (#,00=¥00) - (Frg (0 = ¥100) (7 00 = 710

(1) =) ) (0= c0)

+

£O(x)% - f°(x)) dx
+ f° \m 2(x) - ‘F1(x) dx

e [ (¥ p00 %) () 0= () 00) - (#s00 - ¥100)

¥, 00 - W<x>) (%) 0= () <x))



118

Inés Barbeito, Ricardo Cao, Stefan Sperlich

/ (#4002 =¥ 0?) - (00 - 71 (x)) ax

/ (#7002 =¥ (0?) ((@0) (x)? - (f")/ (x)2) dx

[ (¥ g002 =¥ 002) () 007- () (x>2) (B0 -7'0) ax
[ (%00 -¥i00)" axs [ (72007 - °00?)

: (‘f}’;’g(x)z (fé?)' ()% (x) = ¥ ()2 (f")' (0)?*f! (x)) dx

+/(;§J(x)—f°(x))2 dx+/(f;>(x)2—f°(x)2) dx

+/((@9)/ (x)—(fo)/ (x))2 dx

+/(fv;’ (x)—w"(x)) (f;(x)—ﬂ(x)) dx+/((fgp)/ (x)—(fo)/ (x))2 dx
+ [ (00 = 00) - (#00 - 100) ax

+/(w,g(x) Y1) - (¥, 00 = ¥ () dx

o [ () 002 = (%) 7] (#1000 - ¥ (0) ax

+ [ (a0 =9 0) - (¥,00 =¥ (0) - (7 00 -7 (0) o
o [ () 007 () 00?) - (fon -1 <x>)

o [ () 007 () 02) - (#7500 - ¥ 00)

o [ () 007 () 02) - (#1500 =¥ 00) - (700 - £ 00) ax
o [ () 007~ () 02) - (g0 = i) - (300 =77 00)



Inés Barbeito, Ricardo Cao, Stefan Sperlich 119
+/ ((fgo), (x)? - (fo)' (X)Z) .(%,g(x) —‘1’1()()) : (“P;’,g(x) —w{'(x)) dx
+/ ((fgo)’ x)?- (f‘O)’ (X)Z) . (‘PLg(X) -¥ (x)) . (‘i/;',g(x) - ‘{’;'(x))

(f 0 =11 00) axs [ (7007 -r000%) + [ (1500 =¥ 00) ax

. ((f°) (021 (0¥, 00F () = (£°) (02 (0¥, (0! <x>) dx

/ 9(x) - fo(x)) dx+/(;§)(x)2—f°(x)2) dx

£O(x) - f°(x) dx+/ (fo(x) - fo(x)) : (;ﬁgf’(x)2 - fo(x)2) dx
20

+

+ [ (PO - fO(x) f°(x)3 fo(x))

g

92 (x) - ¥2(x)

+ e

/
; ) (A 00 =£100) ax
J () 00t = () ) (7o = 7' 0) ax
v () oot () (x)“) ()~ ¥2(0) d
w () 00 = (%) 0] - (¥, 00 - ¥ 00) - (B0 = £100) ax
TS f°<x>5) (( B) (9,070~ (1) c0*¥E0r ) ax
# [ (00 -r°0) - (R0t = r000%) + [ (7200 =1000) ax

v [ (R00-rm)- f;’(x)3 P00 ax+ [ (2005 - 10007) ax
+/ FO(x)% - fo(x) dx+/(fv1,g(x)—w1(x))2 dx
+ (%) o= () (x)) (A0 - F() dx
.

/

g
(
(
[
|
|
|
(
(
(
g
()
(

Prg (02 =¥ (0?) - (B0 = F1(x0)) dx



120 Inés Barbeito, Ricardo Cao, Stefan Sperlich
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*/(( 2) w2 () 0 2) ( #2) - <x))

+/(( 0) (x)? - (fO) (X)Z) ( 0 (x) - (x)) (’?(X)—ﬂ(x)) dx
+/(( o) (x)? - (fo) (x)2) ¥ g (x)2 \mg(x) (f;(x)_fﬂ(x)) ”
+/ (( 0) (x)?- (fo) (x)z) By ()2 - (x)

(e (T o) () ) <x>2)

(#rs002 =g 02) () 00 () 00 (f1<x)—f1<x>) dx

v [ (00t =r00%) axs [ (R00* - °00*) ax

~((g) (0215002 (72) 0 (0= () (0¥ (02 (£9) (x)f‘<x>) dx
v [ (o0 -roc) - (
v [ (o0 -roc) - (

2007 = °02) ax v [ (00 -1°(0)" ax

fe
(0P - 0(x0?) dx
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v f ((fo)/ 0~ (r) (x))2 ax+ [ ((f;)' ) (X)2) ix

/(mm ¥, 00) - (B0 = £100) dx

+/( (x)3 0) (x) )-(f“(x)—f1 (x)) dx

+ [ (00 - ¥i0) - (7 00 - 1100 ax

+/(‘V1g<x> Wi (0) - (%500 =¥, () dx

+/(w (0 =¥100) - (¥ 00 = ¥,(0) - (B (0~ £ () s
+f(( ) 0= () (x>3)~(fv{g<x>-w;<x>) dx

+/(( 9) (0* - () (X)z) (#.00=¥,0) - (£ (0 = 7100) dx
+/(( °) x0* - (r) (x)3) (#1600 = %1 () ax

*f(( ) o0* - () <X>3) (#1500 =¥10) - (7 (0 =71 (30) ax
+/(( 0) (x)° - (fo) (X>3) (P00 =¥1(x0) - (¥, 00 - ¥ (0)) dx
+/(( 0) (x)° - (X)S) (‘*’1g(X> ‘ﬂ(x)) ‘iﬁg(x)—w{(x))

(- r100) axe [ (200%-00*)

~((fg°) (x5 (0%, 0 (0 = () (1) %(xw{u)ﬂ(x)) dx

# [ (7200 =000) - (B2 = r000%) ax+ [ (w0 - () ax
+ [ (00 =000) - (200 = r000%) ax+ [ (200 - r000)

(A 0mg 0 (82) C0ff 00 = G 00 (1) 0" )

+/ (f;o(x)—fo(x)) : (\i’{:g(x)—w;’(x)) dx+/ (f;(x)z—fo(x)z)z dx
o [ (2007 = 07) - ($1500 () 0 =100 (7)) o

+/ (R0 =000 - (200° = £2(0)?) dx
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+

£(x) - f°(x)) (fo(x)2 - f°(x)2) dx
)

+

£2(x)2 = £(x)?2 (\I’;’g(x) (fgo), (x) =¥/ (x) (fo)’ (x)) dx

+

)

) (e (52 0100 (12 02) o
)o((F8) 0= (%) 00 ex
)

¥, (0~ ¥ (0 ((é?),(x)—(fo),(x)) dx

+

Wig(x) —¥1(x)

+

+

R0 =) - (¥, 00 =¥ () dx

+

(02— m () ) (f (x) - f1(x)) dx+/ (rﬁ;(x)—m"(x))z dx

o [ (= wi00) - (78) 002 (79) (07 o
(%) 00 - (x))2 dx

e [{(7) - )) 1.6 (x) = W1 ()

e [{(7) oo2- (x)z) (% <x>—f1(x)) dx

+

g (0% =m' (0?7) - (£ 00 = £ (0) ax

(7
g (0% = m' (x)?) - (( ) (07 r )(x))dx

+

+

+

£2(x)? - £O(x)? ) ((@9) (x)‘i’hg(x)—(fo), (x)‘+‘1(x)) dx

+

iy ()2 = m' (x) ) ((0) (x)2 - (fo)/ (x)z) : (f; (x) = f1 (x)) dx

<
<
g
[
<
¢
<
[
|
|
|
<
<
<
<
<
<

+

+
— e S S e \\\\\\\\

£2(x)? - f°(x)2) dx+/(;§>(x)—f°(x))2 dx.

Remark 3. Consider two random variables n, ¢. Thanks to Cauchy-Schwartz inequality, we have:
E |(q+§)2] < 2([E |r]2| +E [gzl),
Similarly, given an additional random variable ¢, it follows that:

El(r+s+0?] <3(e|7?| +E|e?] +E[¢?]).

02 = 00%) - ( iy (02 (70) (02 00 = m' (002 (7°) <x>2f1<x>) dx

(120)

(121)

(122)

Proof of Remark 3 Using that 2E [7] E [¢] < E [7]2+E [£]?, since 0 < (E [n] —E [£])? = E [7]?+E [¢]? - 2E [q] E [£].
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Then,
0<E [(q + .5)2] = )[E [172] +E [52] +2E [qf]‘
ccl]vele]vefr] el
] <)
On the other hand,

0<E[(n++0?| =E[n?] +E[e2] +E[¢?]
+2E [n¢] + 2E [n¢] + 2E [£€]
selr]velg]vele]s (E[r] el
+ (e[| ve[e?]) « (E]e?] < £]e?])
=3 (€[] +£]¢7)).

-1/2

4 Consider a pilot bandwidth g > 0 of exact order ny , then:

. R(K H* R _
MISE® (h) = QAg T H2(K) By + Op (h6 ny! (ng/2 +nl+ ng/z))

+ Op (h’ n51 nﬁ) + Op (h n{' (1 + né/z + no)) . (123)

Proof From now on, CV[SCJ,, ‘Vs(’e) will be denoted just by C and ‘Vm, respectively, for the sake of brevity, assuming

s = 0. We begin by analyzing the expectation of expression (32) in the paper,
0
0
1 x - X0
= r+1[E K(r)( g 1)|E[Y1M‘X1O]}
g
x - X0
= ——E K" L] me(X?)
gr+1 g

= [ K =m0 dy = kY 5 e, (124)

El|x | 1

r+1

E [‘i”é')(x)] =

E| k™

where ¢, (u) = me(u)f0(u). Considering now expression (124), we can compute further calculations with expression
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(32) in the paper. We denote by f; g (x) := Ké(,” (x - XI.O) yo - Ké(,r) xde(x) and & = [v(x)fljg(x). Then,

0
i

no
1 x—-X
C=/V(X>(nog,+1 2K (g )Y,-°”—/<é’>*¢e<x>+/<g<’)*¢e(x>—‘F§’) dx
i=1

dx

i=1

1 ; ,
:/v<x>(n0 D hig () + K xpp(x) -y

= nloi/ v(X)fig(x) dx + / v(x) [Ké(’r) dp(x) —‘Vér)] x
i=1

i "lozof" " / Vo) [+ ge0 =¥, ax (125)
i=1

It follows that the MSE of ‘T’;’) (x) turns out to be, considering expression (125) and taking into account the fact that
E[6]=0:

2
E[c?] = varic)+ercp = Y e % +Elcr
0 0
E[¢2 2
_ 7/[7?] +( [ 00 (kE s et ¥ 0) dx) : (126)

From now on, assume that f° and its derivatives tend to zero as x — oo and my and its derivatives are bounded as

x — oo, where x is the point of evaluation. Focusing now on the second term of expression (126) leads to:

/ VOOKS) &y (x) dx = / v(x) / K (x - y)e(y) dy dx
B / v(x) / Ke (x = 1)6¢") () dy dx
_ (r 1 . (x-y
- [#0 ) [ vk (22 ay ax
:/¢§’><y>fv<y+gu>/<<u> du dy
2
= [v8 x-St [V 008 (0 ax
+0(g4). (127)

It is straightforward to proof equality (1) just by applying integration by parts to:

I:= / Ky (x = y)pe(y) dy
=[] [ g ay
y==00 —co

- / KD (x - y)gp(y)dy = ... = / K (x = 0l () dy.

00 —
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Combining the second term in (126) and expression (26) in the paper leads to conclude that:

2 2
(/ v(x) (Kg(') * e(x) —‘I’ér)(x)) dx) = (%Hz(/() / v (X)¢§r>(x) dx

wo(g'))

4 " r
= (k7 ([ 004 00 0

2

+O(g6).

It remains to carry on with further computations with the first term of expression (126):

E 2
[£7] _ l[E[/ v(x)a1,g(x) dX/"()’)ﬁ1,g(}’) d)’]

no no

1
- H—O//v(x)v(y)[E[m,gu)m,g(y)] dx dy

<o | [ o[l (e x8)v  gi)

(K7 (= X0 = K5 59| axdy
o ] [ e =) )

2
- nlo (/ vOKS % g (x) dx) )

dx dy

The second term in (129) has already been analyzed in (127), turning out:

2 2
nlo (/ v(x)Kg(') * po(x) dx) = nlo (/ v(x)¢£,')(x) dx)
2 ”
+ o) [V 08 (0 dx

4
/ v(x)$!” (x) dx + O (i—o) .

(128)

(129)

(130)



126 Inés Barbeito, Ricardo Cao, Stefan Sperlich

Finally, it remains to work out further computations with:

L[ [ viome|k (s=x0) 57 (- x3) (1)
T A o R e R [ [
R e e L B [ R
- nlo / / VO E|KY (x=X0) K7 (v = XP) mae(XP) | dx dy
:nlo//V(")”(”/Kér) (x = 2) K" (y = 2) mae(2)f%(2) dz dx dy

:ﬁ//v(x)v()’)//(m (%) K (N (%)mu(z)f"(z) dz dx dy
0

1 . .
= Tgﬂ/mze(Z)fO(z)//V(Z+gu)v(z+gV)K( ) (u)K( ) (v) dudv dz
2

dx dy

___ 2
T (r+2)!ng

2 4
+ ! (/ u K" (v) du) / () (2)%2moe(2)f%(2) dz + O (g—) . (131)
no

(rHh2 no

/u’K(’)(u) du/u’+2K(’)(u) du/v(’) (2D (2)mae(2)f%(2) dz

Assume K is a symmetric function. Therefore, K and K” are antisymmetric and symmetric functions, respectively.
Thus, it is easy to proof by integration by parts that:

o Ifr=o0,
/K(u) du:1,/uK(u) du:O,/uzK(u) du = pp (K).
o Ifr=1,
/K/(u) du:O,/uK/(u) du:—1,/u2K/(u) du=0,
/u3/<’(u> du = -3 (K).
o Ifr=2

/Kﬂ(u) du:O,/uK"(u) du:O,/uzK”(u) du =2,

/usKN(u)du:O,/u4K”(u)du:12y2(K).

In general, [u"K(") (u) du= (-1)" rland [ u"*2K (") (u) du = % (=1 (r +2)\p (K).
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Hence, expression (131) results in:

nlo/‘v(r)(z)zng(z)fo(z) dz

2 4
+ & 1K) / v (22 (2)mag (2)°(2) dz + O (g—) . (132)
no no

Using expression (121), our aim is to work out further computations for:

[E{ (Ag—A)+£ (Bg—B}Jz}

+

12;2[E [(Bg - 5)2] * %[E [(Ag —A) - (Bg - B)]

(133)

Finally, considering expression (122), collecting terms (128), (130) and (131), and afterwards plugging them into (126),
it turns out that, V¢ € {0,1,2},Vr € {0,1,2}:

4 ” r 2
B[] = & paky? (/v 0" (x) dx)

2 ” 1 2

) [ 0000 st 1 L (v o )
2g2 rg(r) r+2 4 (r)

*m/” <u>du/u K () du

/ v GO (x)mae (x) FO(x) dx

2
i (r')12 n (/ oK w du) /V(r)(X)Zm”(X)fo(X) dx
)% no

+0(g6)+o(i'—:).

In other words, considering expression (132) instead of (131):

(134)

£e?] - %4(#2<K>fv”<x>¢§’><x) dx)2

1
+ —
no

2
/ v (x)2mae(x) FO(x) dx — (/ v(x)qbi,r) (x) dx)
2
£ ) | [0 00V ()00 0
_/v”(x)qﬁgr) (x) dx/v(x)qﬁgr) (x) dx]

g4
+O(g6) +0(n—0),ve € {0,1,2},Vr € {0,1,2}.

(135)
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Similarly, V¢ € {0,1,2},Vr € {0,1,2},

£lc?] =gt c +§zc2+nioc3+o(g6)+o(§), (136)
where
Cr = (“2(2’() [ 08000 dx)z, (137)
Ca = (K) /v(’)(x)v(r+2)(X)m2£(X)f0(X) dx
- [V w80 ax [ sl o dx], (138)
Cs = / v (x)2mae (x) O (x) dx—( / vy () dx)z. (139)

It is clear that C; in (137) is a non negative quantity. Let’s focus now on C; in (138). Assume that 70 and its derivatives
tend to zero as x — o0; m, and v and their derivatives are bounded as x — oo, where x is the point of evaluation.
Thus, by applying integration by parts to the second term in (138), it turns out:

[ w8 wax= v gy o] T [V 08 00 ax

:—/vm(x)q,‘)y_])(x) dx

- e P 00| e [ v s 00 ax
[ o008y x ax

= (-1 / V2 (x)y (x) dx. (140)

Similarly,
[r08l 0 dx = 1 [ 90 ogen ax. (141)
Hence, expression (138) can be rewritten as:

Co = pa(K) [ / v OV () mae (x)F(x) dix

(-1 / V) (x) g (x) dx / v ()b (x) dx
= 12(K) [ / VO VD) () mag (x)F(x) dix

—/V(r+2)(X)m[(X)f0(X) dX/V(r)(X)Mg(X)fO(X) dx]

= Cov [v(’> (X0) Y0 y(r+2) (XO)Y“] . (142)
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Considering now expressions (137) and (140), it follows that:
p2(K) 2 (m(K) 2
Cy = (T/ v () m, (x) O (x) dX) = (T[E [V(r+2)(XO)YO€]) )

Finally, combining expressions (139) and (141) leads to:

2
Cs ::/v(r)(x)2m2g(x)f0(x) dx—(/ v (x)me(x)FO(x) dx)

=Var [v(’) (XO) YO"], (143)

turning out that C3 (139) is, as well, greater than 0.

As a consequence of expressions (137), (142) and (143), the optimal g will be determined by the positive or
negative sign accompanying term C, in (142). In particular, denoting by 8(g) := E [C2] and considering expressions
(89), (97) and (122), expression (133) could be rewritten as:

ko 2 [k
Z%M@ﬂé4zaﬁ@+2@@@+2%@@)

i=1

2
= ag,i 1252 (Za1l+222/+za3/) 'Bi(g)

ko kq

2
Zag,i+ 1252 (Z 1/+Z‘72/+Zasz)

2
1

. (g4 Cyj+ icz,/ + *03,/)
no no

=1

s 0. 8 0.1
=g"C{+=—0C;+—C3,
£ & m 2 3

where

Ci 20

Cyi

ko A2 kq k2 k3
cl= Z ag; + . a?, + Zagy,‘ *, a3;|| Csi 2 0,and

-Cov [vl.(’) (X0) Y%, (2 (XO)Y“] .

If Cg > 0, then the optimal pilot bandwidth g of the upper bound for Ag - Aand B — B (expressions (89) and (120),
respectively) is as close as 0 as possible. On the other hand, if Cg < 0, then the optimal pilot bandwidth g of the upper
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bound for Ag - Aand Bg — B (expressions (89) and (120), respectively) happens to be

< 2 A [ 2 S 2 o 2
gopr ~ argmin ; 20 1682 ; a; + ; it ; a3, || - %i(e)
0 \1/2
_ & -1/2
2¢9 o
Moreover, it is straightforward that:
2
0
(<3)

ko .
Zag,i * 1682 8i(gopT) = "51 Cé’ - "52
f=

k1 ko k3
2 2 2
Z a;t Z ait Z 3,

i=1 i=1 i=1

Combining expressions (66) and (144), Corollary 2 holds.

3 | ADDITIONAL MATERIAL FOR THE APPLICATION IN SECTION 4

o
4Cy

(144)

In the following, Table 4 collects the sample sizes ng and n; from the real data application, while Table 5 contains the

bandwidths for each sector, hgooT.7.
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CNAE

S

TABLE 4 Source sample size (ng ;) and target sample size (n; ;) in each stratum depending on level of Studies

1
no, =474
mz=13
no,, = 6592
nz =1712
no, =43
mz;=5
no; = 1491
m, =145
no, = 3413
n, =88
no., = 1044
m, =618
no, = 1156
m, =171
no, =472
m, =526
no.z = 107
.z =61
no, =178
m, =115
no, =85
ni, =66
noz = 243
m, =172
no, = 1278
. =842
no,, = 384
m, =206
no, =41
mz=173
no,; = 460
m; =631
no,, = 344
m, =188
no,z = 300
m,, =242

2
no, =415
m,=14
no, = 9276
m, =2778
no, = 67
m,=14
no, = 1636
m, =174
no, = 3148
m, =115
no,, = 2402
m,, = 1907
no, = 2402
m,, =913
no,, = 653
m,; = 601
no,; = 306
n, =169
no, =278
m,, =227
no, =85
m,=173
no, =403
m; =411
no,, = 2857
., = 1390
no, = 1339
ny, =882
no, =84
m,, =120
no, =615
., =1144
no,; = 569
n, =327
no, =428
m,, =354

(1-6) and CNAE group of belonging (B-S).

Studies
3 4

no, = 321 no, =92
n ;=39 n,=23
no,, = 7479 no,; = 5096
m, = 2222 m, =1227
no, =219 noz = 348
n, =48 n, =45
no , = 609 no,, = 350
n, =165 ny, =109
no, = 1672 no, =815
m,, =338 m,, =189
no,; = 1996 no; = 635
ny, =1623 ny, =357
no, = 1754 no, =629
n, =640 m, =196
no, =455 no, =76
m, =372 m, =63
no, = 1385 no; =950
n, =850 n, =321
no, =948 no, =227
n, =916 m, =352
no; = 259 no; = 36
m, =225 m; =53
no, = 1022 no, =791
nm,=1273 m., =606
no,, = 1627 no, =412
n,=1118 m,, =333
no, = 1223 no, =373
ni, = 1030 m =310
no, =175 no, =86
n, =281 n, =183
no, =709 no, =223
m, = 2927 m,, =739
no; = 698 no,, = 208
m, =441 n, =92
no, =597 no,, = 280
n, = 546 m, =164

5

no, =67
m, =28
no, = 2134
m,, = 882
no,; = 360
m,=173
no, = 186
m, =91
no, = 677
m,, =267
no, = 346
m, =327
no, =414
m, =210
no, =115
m, =157
no,, = 1269
m,, =522
no, = 708
m,, =786
no, =65
n, =88
no,, = 1077
m, =913
no,; = 349
m,, =593
no, = 457
n, =812
no, = 322
m,z = 1001
no; = 551
n.z = 2752
no, = 163
nm ;=137
no, =173

m.; = 266

6
no, =202
m, =97
no,, = 3504
m, =2213
no; =419
m, =157
no, = 354
m,; =230
no,, = 858
n, =424
no; =913
m, =716
no, = 597
m,, =374
no,; = 106
m, =117
no, = 2540
m,,=1783
no, = 1934
m,, =1815
no, = 181
nm, =199
no, = 3123
m,, = 2971
no, =614
m,, =670
no, =721
ni, =1019
no, =985
m,, = 1239
no, = 1173
m,=1712
no; =395
m, =414
noz =279
m,, =425



132 Inés Barbeito, Ricardo Cao, Stefan Sperlich

Studies
CNAE 1 2 3 4 5 6
B 10.34427 0.05311245  0.06555036  0.2250906  10.32863 11.46244
C 0.7827234 0.1570725 0.2240537 0.379917 1.036544 1.006386
D

10.23072 8.540002 11.09998 10.90716 11.87939 11.15287
E 4.034317 1.54504 3.425392 6.90935 8.561086 9.706537
F 0.1979207 0.1042053 0.1779684 0.7073216  2.416007 2.031799
G 10.59052 0.7064822 242826 5.206829 5.918734 10.74743
H 1.049699 0.8470396 2.464503 6.063806 6.250508 4.231824
| 7.865014 0.7109818 1.295192 4.747013 3.477528 2.816318
J 6.05535 1.539357 1.665482 0.6700639  1.620418  0.6657766
K 11.36344 11.8833 12.25746 11.09947 11.41423 6.882228
L 3.848873 1.101402 2.196453 3.877995 7.955811 5.016808
M 2.164264 1.776538 1.112405 1.194964 1.119651 = 0.4577655
N 0.4322325 0.1414672 0.193088 0.2586702  0.814847  0.4869169
(6] 10.67815 2.554323 11.71623 11.92024 10.88268 11.16583
P 10.27285 3.853947 10.83386 9.703337 8.053916 1.865665
Q 10.0757 4.310891 1.978999 9.339508 7.023242 3.641688
R 11.75589 4.868713 10.85612 10.14804 8.112695 9.912113
S 3.342381 0.8564468 5.826307 2.773484 4.111988 5.707007

TABLE 5 Bandwidth selector (hgoor,7) in each stratum depending on level of Studies (1-6) and CNAE group of
belonging (B-S).



	Proof of the results in Section 1: The bandwidth selection method
	Closed-expression for the criterion functions
	Asymptotic theory
	Asymptotic expression for the criterion functions
	Asymptotic expressions for the bootstrap criterion functions


	Proof of the results presented in the Appendix
	Additional material for the application in Section 4

