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Abstract

This paper deals with acoustical behavior of porous materials having an elastic solid
frame. Firstly an overview to poroelastic models is presented, and then we focus
our attention on non-dissipative poroelastic materials with open pores. Assuming
periodic structure we compute the coefficients in the model by using homogenization
techniques which require solving boundary-value problems in the elementary cell.
Next we propose a finite element method in order to compute the response to an
harmonic excitation of a three-dimensional enclosure containing a free fluid and a
poroelastic material. The finite element used for the fluid is the lowest order face
element introduced by Raviart and Thomas that eliminates the spurious modes
whereas, for displacements in porous medium, the “mini element” is used in order
to achieve stability of the method.
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1 Introduction

Acoustic behavior of porous media is of utmost importance because they ex-
hibit good properties as sound absorbers. Porous materials consists of a solid
matrix which is completely saturated by a fluid. Their acoustic behavior de-
pends not only on the fluid but on the rigidity of the solid skeleton as well.
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When considering macroscopic models for acoustic behavior of porous media,
they can be classified depending on whether the solid part is rigid or elastic.
When the solid matrix is rigid, which is the simplest case, the porous material
has been considered as an equivalent fluid with equivalent density and bulk
modulus. These parameters can be obtained through empirical or experimental
laws. Delany and Bazley [12] presented a first model in 1970, which has been
widely used to describe sound propagation in fibrous materials. This model,
was subsequently improved in works by Morse and Ingard [19], Attenborough
[5] or Allard and Champoux [2], among others.

For the more realistic case, but also more difficult, of elastic skeleton, theory
for mechanical behavior of poroelastic materials was established by Biot [8],
when the porous elastic solid is saturated by a viscous fluid. Adaption of this
theory to acoustics was made, among others, by Allard [1]. However, when
analyzing Biot’s model, coefficients are not properly defined and, in general,
their determination is not clear although several experimental procedures have
been provided, as it can be seen in Biot and Willis [9].

This gives motivation to undertake a derivation of models, rigorously from a
mathematical point of view, by using homogenization theory. It can be done
for both cases of rigid or elastic solid matrix. For rigid matrix, Darcy’s model
is obtained. Ene and Sanchez-Palencia [14] were the first who gave a derivation
of this model from the Stokes system, using a formal multi-scale method, while
Tartar [22] made that derivation rigorously in the case of 2D periodic porous
media. This methodology allows us not only to obtain the homogenized model
but also the mathematical expression of coefficients appearing in it.

Derivation of macroscopic models for poroelastic materials depends strongly
on connectivity of the fluid part. When the domain occupied by the fluid is con-
nected, the material is named open pore material; otherwise, it is named closed
pore material. Fundamental references are papers by Gilbert and Mikeli¢ [16]
and by Clopeau et al [10] where the classical dissipative Biot’s model was
derived by homogenization using two-scale convergence methods. They also
contain a number of references to papers on dissipative Biot’s law. Moreover,
the same procedure has been applied, for the first time, in Ferrin and Mikeli¢
[15] to derive macroscopic models for non-dissipative poroelastic material with
open or closed pore.

Concerning numerical simulation, an increasing number of papers can be found
for the two cases of rigid and elastic skeleton. The finite element method has
become popular to solve such problems because of its easy implementation
and its effectiveness in handling complex geometries. The lowest order finite
method introduced by Raviart and Thomas has been applied in Bermudez et
al [6] to the case of porous media with rigid skeleton to solve, in particular,
the response problem when using both a Darcy’s like model and the Allard-



Champoux model. With respect to the case of elastic skeleton, papers by
Easwaran et al [13], Panneton and Atalla [20], Goransson [17] or Atalla et al
[4], among others, are examples of application of finite element methods to
sound propagation in poroelastic media by using Biot’s model.

In this paper, we only consider the case of elastic frame porous material. The
non-dissipative model that we shall take into account has been derived in
Ferrin and Mikeli¢ [15] for open and closed pores. The advantages exhibited
by this model with respect to classical Biot’s model lies in that we know
mathematical expressions allowing us to compute their coefficients. Numerical
experiments presented in this paper concerns the solution of a source problem
associated with an external harmonic excitation.

The outline of the paper is as follows. In Section 2 we recall several models of
porous media associated with the two cases of rigid and elastic solid skeleton.
In Section 3 we consider the model for open poroelastic materials introduced
by Ferrin and Mikeli¢ [15] coupled with the model for acoustic propagation in a
fluid written in terms of displacements. Then both are specialized for harmonic
waves in order to obtain the frequency response of the system. In Section 4
a weak formulation for this coupled model is presented. Numerical solution
by finite element approximation is addressed in Section 5 and a matricial
description of the discrete problem is given in Section 6. Section 7 is devoted
to computation of coefficients in the model by solving cell problems. Finally,
in Section 8, some numerical results are shown both for academic tests and
for enclosures containing a real life porous material and air.

2 Porous media models

Different porous media models have been considered in the literature. The
main characteristic is the rigidity of the solid skeleton. Thus, when the solid
part is rigid, the first model was introduced by Darcy. On the other hand,
when the solid part is elastic, the fundamental model has been derived by
Biot.

In this section, we recall several models for rigid porous media and also for
poroelastic media. Most of them have been derived by using homogenization
techniques, assuming periodic distribution of pores. This methodology allows
us to obtain mathematical expressions for the coefficients appearing in the
models.

In what follows, the porous material will be denoted by 4.



2.1 Ruigid porous media model

Among the different models existing in the bibliography for rigid porous media,
we concentrate ourselves on a Darcy’s like model, obtained by homogenization
techniques, and another one obtained through empirical laws by Allard and
Champoux [2] for harmonic motions. The latter generalizes the former, in the
sense that both are equivalent for low frequencies when the porosity is nearly
unity.

The first one it is derived from Darcy’s law, by adding the inertial effect (see
for instance [5]). When the porous medium follows a periodic distribution,
it can be obtained from a Stokes model by using homogenization methods
(see [14] and [22]). In that case, the only parameter characterizing the porous
media, named flow resistivity, can be related to the permeability tensor which
can be formally calculated by solving a Stokes problem defined in the fluid
part of the unit cell.

A finite element solution of acoustic propagation in a rigid porous media sim-
ulated with these two models has been carried out in Bermudez et al [6].

2.2 Poroelastic models

Theoretical basis for mechanical behavior of poroelastic materials has been
established by Biot (see [8]). He describes the propagation of elastic waves
in fluid-saturated elastic porous media. Adaption of Biot’s theory to acoustic
propagation can be seen in Allard [1]. The resulting model, named below as
“classical” Biot’s model, is the basis for most of numerical studies involving
poroelastic materials. However, the fact that macroscopic coefficients appear-
ing in this model can only be obtained from empirical experiments (see Biot
and Willis [9]) and that it involves two displacements (for solid and fluid) are
unsuitable features. These are reasons why a rigorous derivation of Biot-like
models starting from the first principles and using homogenization techniques
is an interesting task. This has been done by Mikeli¢ and coworkers in several
papers and we shall refer to them as generalized Biot’s models.

2.2.1 Classical Biot model

The classical Biot model involves two displacements, u and U, which are
the macroscopic displacement of solid and fluid parts of the porous medium,



respectively. It is given by

d%u 9*U . 9
pllﬁ + pnw = N div(D(u)) + (A+ N)V divu + QV divU — b@t(u - U),
(1)
0*u 0*U _ . 0
/)12ﬁ + Pzzw =@V divu+ RV divU + bﬁ(u - V). @

where N, A, ) and R are the elastic coefficients which are determined through
1
the experiments described in Biot and Willis [9], D(u) = §(Vu +Vu’) and b

is related with the permeability tensor, K, appearing in Darcy’s law, by means
of b= u¢?/K, with p being fluid viscosity and ¢ porosity.

2.2.2 (Generalized Biot models

Dissipative poroelastic model (open pore)

The dissipative generalized Biot model has been derived, by using homoge-
nization techniques, in Clopeau et al [10] for the case where fluid viscosity is
of order O(e?), € being the size of the elementary cell. It is the following:
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where e; is the i-th vector of the canonical basis, pr is the fluid density, ps is
the density of the solid skeleton, p = ¢pr + (1 — ¢)ps and

e, e e De;
AZU = (y/A( J . J +Dy(W‘])> dy) , (5)

/ AD,(w") dy, ) (6)

':/ div,w’ dy (7)

/W —t)dy, (8)

which, in particular, implies

0) = [ wi(y,0)dy = 63 (9)
In order to calculate these coefficients, we must solve the following boundary-
value problems defined in the fluid and in the solid parts of the unit cell:
div, {A (222598 4 p (wii))} =0 in Y,

A(EEeteiBe | (wil))y = 0 on 0Y\0Y (10)

[ wi(y)dy =0, w" is 1-periodic,
Vs

— div, {AD,(W°)} =0 in Js,

AD, (W) = —v on Y\0Y, (11)

[ wO(y)dy =0, w®is l-periodic
Vs

and A
ow' } A
;&I — Aw'+ V7' =0,
diVyWi = 07 W’L(yv O) = €y, (12)
W' |oypoy=0, {w' 7'} is 1-periodic.

Dissipative poroelastic model (closed pore)

When the pore of the material is closed, we are led to the following system of



partial differential equations, which has been derived in Clopeau et al [11]:

2.0

plaa; — div, {A"D,(u")} + (61 - B")V,p = pF in Qx0,T[,  (13)
0% . my 07u’ ;

— gt dwx{(qu—B )5 }_o in Qx]0, 7], (14)

where A7 B and é, with expressions given by (5), (6) and (7), respectively,
are defined from auxiliary functions w* and w® which are solution of the
boundary-value problems (10) and (11), respectively.

Non-dissipative poroelastic model (open pore)

An homogenized model for poroelastic materials with open pore and inviscid
fluid has been obtained in Ferrin and Mikeli¢ [15]. It is the following:

0*u’ 2440 .
(15)
. ou’ 1 t ' ou’ o ou’ op
(16)

where A7 B and ¢ are given by (5), (6) and (7), respectively, whereas
oI
-Aij = / (5@' - 5) dy, (17)
9y
Vi

with w*, w? and & being the solution of the boundary-value problems (10)
and (11), defined in the solid part of the unit cell, and

—Ayfi =0 in yf,

gi =e, -V on 0Yr\0Y, 18)
1

£'is 1-periodic in Y,

[ &dy=0

Yy

defined in the fluid part of the unit cell, respectively.

Non-dissipative poroelastic model (closed pore)

Similar to the open pore non-dissipative poroelastic model, when the fluid part



is isolated in each cell, the following homogenized model has been derived in
Ferrin and Mikeli¢ [15]:

82110 . H 0 . H

Pl — dive {A D,(u )} — div, {pB }+¢v‘”p = rF, (19)
. 6110 o . 0u0 ap . 0

¢ div, o = BY : D, <8t ) + 8ty/ div,w" dy, (20)

where A# BH and ¢ are given by (5), (6) and (7), respectively, and the cell
problems verified by w” and w" are (10) and (11), respectively.

3 Statement of the problem

In the rest of the paper we consider a coupled system consisting of an acoustic
fluid (i.e. inviscid compressible barotropic) in contact with a porous medium.
Both are enclosed in a three-dimensional cavity with rigid walls except one
on which an harmonic excitation is applied. Let Q and 25 be the domains
occupied by the fluid and the porous medium, respectively (see Fig. 1). The
boundary of QpUQ,, denoted by I', is the union of two parts, I'wy and I'y,, where
I'ww denotes the rigid walls of the cavity. Let v be the outward unit normal
vector to I'. The interface between the fluid and the porous medium is denoted
by I't and n is the unit normal vector to this interface pointing outwards €24 .
Fig. 1 includes a vertical cut of the domain for a better understanding of
notations.

T'w

Fig. 1. 3D domain and vertical cut.

In order to study the response of the fluid-porous coupled system subject to
an harmonic excitation acting on I'g, we assume that skeleton of the porous
medium is elastic and consider the model for open pore non-dissipative poroe-
lastic media given in the previous Section.

Firstly, we recall that governing equations for free small amplitude motions of
an acoustic fluid filling Qg are given, in terms of displacement and pressure



fields, by

0*U
pFWf +grad Pr = 0 in Qp, (21)

PF = —pFC2diV UF n QF, (22)

where Pr is pressure, Uy is displacement field, pg is density and c is acoustic
speed.

Secondly, if we denote by U, and P the macroscopic displacement and pres-

sure fields in the porous medium, the equations describing small motions are,

0?Uy,
ot?

(L= prA) = 5% — div (A" [D(UL)]) -
— (A+B" —¢T)grad Py =01in Qa, (23)

PPy 1 : H 0*Ua\ .
52 + p—Fdlv (Agrad Py) = —div ((A + B7 — QSI) o012 in Qs (24)

where D(U) = 1(grad U + (grad U)") and coefficient ¢, tensors A, B and
linear operator A depend on geometry of cells composing the poroelastic
material and also on physical properties of its solid and fluid parts. In fact, one

can check that B is a symmetric linear operator and tensor A7 (A#[D)),, =

Since the fluid is supposed to be inviscid, only the normal component of dis-
placements vanishes on I'yy, namely,

UF -v=0 on FW N 8QF, (25)
whereas for boundary displacement of porous medium we suppose
UA =0 on Fw N 8QA (26)

Similarly, on interface I't between fluid and porous medium we consider the
usual interface conditions of continuity of forces and normal displacements,
that is,

— Pen = A" [D(Ua)In + Py (A+B" — ¢I)non I, (27)
Up-n=Uy -nonlt. (28)

If a normal displacement Uj is imposed on ['g, the above equations describing
the motion of coupled system (21)-(28) must be completed with boundary
condition

Up-v=0U, onlg. (29)



Finally, in order to close the model (see [4]), we are going to assume that

Agradpy - v =0 on I'y N0y, Agradpy -n =0 on I'}. (30)

We are interested in harmonic vibrations so let us suppose excitation Uy to be
harmonic, i.e.,

Uo(z,y,z,t) = Re (ei“tug(az, Y, z)) ) (31)
Then all fields are also harmonic:

Ug(z,y,2,t) = Re (ei“’tup(aﬁ, Y, z)) , (32)

Ua(z,y,2,t) = Re (e“"tuA(x,y, z)) : (33)

Pe(z,y,2,t) = Re (ei“’tpp(x,y, z)) , (34)

Pa(z,y,2,t) = Re (empA(x, Y, z)) : (35)

By replacing these expressions in equations (21)-(30), we can define an har-
monic source problem associated with the evolutionary source problem, namely,

—w?ppup + grad pp = 0 in Qp, (36)
pr = —ppc’div up in Qp, (37)

—w? (pI = prA) uy — div (A"[D(u,)))
— (A+B" = ¢T) grad ps = 0 in O, (38)

1
—w?épa + . div(Agradpa) =
F

w?div ((A + B — gbI) uA) in Qa, (39)

—prn = A" [D(up)|n + pa (A + B — ¢I) non Iy, (40)
up-n=uy-non Iy, (41)

up - v =0 on 'y N 0N, (42)

up =0 on D'y N0y, (43)

Agradpa - v = 0 on 'y N 0Ny, (44)

Agradps -n =0 on I, (45)

up - v =ugon I'g. (46)

4 Weak formulation

In order to use finite element methods for numerical solution of (36)-(46),
we write a weak formulation. For this purpose, we first introduce appropriate
functional spaces. Let 'V be the Hilbert space

V = H(div, Qp) x L*(I'1) x HY(Q4)* x H(Q4)

10



and Vj its closed subspace

Vo={(ve,qr,va, qa) €V : vp-v =0o0n (I'y UT'g) N 00,
va=0onI'wNoQu}.

Because of the choice of this functional framework and due to trace Theorem

for space H(div,Qp), we are led to assume that Dirichlet data function wug
1

belongs to functional space Hyy? (T'y).

In order to get a weak formulation of source problem (36)-(46), we first mul-
tiply equation (36) by the complex conjugate of a virtual fluid displacement
vy € H(div, Q) satisfying Dirichlet condition (42), and then integrate in Q.
By using a Green’s formula and equation (37) we obtain

—w2/ PrUF - Vi + / ppczdivup diV{/F — / pFVF n=20
Qp Qp 'y
In an analogous way, equations (38) and (39), when multiplied by the complex

conjugate of a virtual porous medium displacement v, satisfying Dirichlet
condition (43) and a virtual pressure g and then integrated in 2, yield

[ = prAyua- vt [ AYD@A)] - DA+

f, i (A B =o' va) pu = [ A" [D(ug)]n-va+

/1" (.A + BH — ¢I)t\7A - NPA,

and

1
| émaan+ [ Agrad py-grad g+ [ div ((A+ B — 6l)uy) s =
Qa QA Qa

prw?

gaAgradpa - v,

1
/ sqaAgrad pa -n + 5
FI pFW

I'pNoQ2a PrW

respectively.

Now, by adding the last three equations and using interface and boundary
conditions (40), (44) and (45), we obtain

ppcidiv up div vy — w2/ PRUF * Vp — wQ/ (pI — ppA)up - va+
Qp Qp Qa

/QA A"[D(un)] : D(Va) + /QA div ((.A + B — ¢I)t\7A) pa + /QA CPAGA+

1
/ 5 Agrad pa - grad ga + / div ((A + B — qu)uA) Ja =
Qa PFW Q4

/ pr(VE-n — Vs - ).

Ty

11



Finally, kinematic constraint (41) is weakly imposed on the interface between
the fluid and the porous medium by integrating this equation multiplied by
any test function g defined on I':

/ gr(up -n—up-n) =0.
I't

All together allow us to write the following source hybrid problem:

For fized angular frequency w, find (up, pr,ua,pa) € V satisfying (42), (43),
(46) and furthermore,

ppcidiv up div vy — w2/ PRUF * Vp — wQ/ (pI — ppA)up - va+
Qp Qa
H . S : H to
/QAA [D(up)] : D(94) + /QA div ((A+ B — 61)'94) pa+
1
/ Agrad pa - grad ga + / div ((A + B — ¢I)uA) qa
Q Qa

A pFW2
/Q Cpaga = /F pr(Vr-n — Vs -n), (47)
A I

Qp

/qup(uA~n—uF-n):0, (48)

for all (ve,qr, Vi, qa) € Vo.

5 Finite element discretization

Fluid and porous displacement fields belong to different functional spaces,
H(div, Qr) and H'(Q4)3, respectively, hence different types of finite elements
should be used for each of them in order to discretize weak problem (47)-(48).

Let T, be a regular family of tetrahedral partitions of Qp U4 such that every
tetrahedra is completely contained either in Qp or in 25. We also assume that
faces of tetrahedra lying on 'y U I'y U I'; are completely contained either in
I'w, either in I'y or in I'}.

To approximate fluid displacements, the lowest order Raviart-Thomas finite
element (see [21] and [7])) is used in order to avoid spurious modes typical
of displacement formulations when they are discretized by standard Lagrange
finite elements (see [18]). They consist of vector valued functions which, when
restricted to each tetrahedron, are incomplete linear polynomials of the form

u"(z,y,2) = (a+dx,b+dy,c+dz), a,b,c,d € C.

12



These vector fields have constant normal components on each of the four faces
of a tetrahedron (see Fig. 2) which define a unique polynomial function of this
type. Moreover, the global discrete displacement field u” is allowed to have
discontinuous tangential components on the faces of tetrahedra of partition 7.
Instead, its constant normal components must be continuous through these
faces (these constant values being the degrees of freedom defining u”). Because
of this, div u” is globally well defined in Qp.

Fig. 2. Raviart-Thomas finite element.

Thus, for fluid displacements we use the Raviart-Thomas space (see [21])
Ry, (Qp) :={u € H(div,Qr) : ulr € Ro(T), VT € Ty, T C Qr},
where

Ro(T) := {u € Pi(T) : u(x,y,2) = (a+dr,b+dy,c+dz), a,b,c,d € (C}.

To approximate displacements in the porous medium, we use the so called
“MINT element” in order to achieve stability in the discrete problem (see [3]).
We recall definition of the corresponding discrete space by first defining bubble
functions. For fixed T' € Ty, we denote by AT, ... AT barycentric coordinates
in tetrahedron 7. Then bubble function «, associated with T, is defined by
the product

4

a =256 [T Al

i=1

This bubble function is a polynomial of degree four, null on surface of tetra-
hedron T and taking value one at barycenter of T'. The approximating space
associated with the MINI element consists of continuous vector valued func-
tions whose components, restricted to each tetrahedron, are sum of a bubble
function and a polynomial of degree one, i.e.,

ul(z,y, 2)|r = ax + by + cz + d + ea(x,y, 2), a,b,c,d,e € C.

13



The degrees of freedom for functions in this space are the values of the vector
field at vertices and barycenters of tetrahedra (see Fig. 3).

® Vaueat vertex

O Vaueat barycenter

Fig. 3. MINI finite element.

Then, for porous displacements, we use the MINI space
M, (Q4) == {u e H'(Qa)* : ulr € (PUT) @ P(T))*, VT € Th, T C Qu},

where

P*(T) = {aa : a € C}.

To approximate porous medium pressure, continuous piecewise linear finite el-
ements are used. They consist of scalar valued functions which, when restricted
to each tetrahedron, are polynomials of the form

p"(z,y,2)|r = ax +by +cz+d, a,b,c,d € C.
Thus, porous medium pressure is approximated in the finite-dimensional space,

Ly (Qa) = {p € H'(Q) : plr € Pi(T), VT € Tp, T C Qu}.

We recall that the degrees of freedom defining p" are its values at vertices of
tetrahedra.

Finally, in order to approximate the interface pressure we use piecewise con-
stant functions on the triangles of the mesh lying on the interface I';. In other
words, for interface pressure we use the space

Cy (Ty) = {p € L(TY) : plor € Po(dT), ¥T € Ty, OT NT1 # 0} .

The degrees of freedom of this finite element space are the (constant) values
on triangles in I'}.

Consequently, the discrete analogue to V is

Vh = Rh (QF) X Mh (QA) X Lh (QA) X Ch (FI> (49)

14



while the corresponding to Vj is

Vor = {(vr, qr,va,qa) € Ry, (Qr) X My, (Q4) x Ly, (Q4) x C, (I7) -
vp-v=0on (I'pUlN)NINE,va =0o0nT'pNoQs}.

With these finite element spaces we can define the approximate problem to
(47)-(48) by
For an angular frequency w fized, find (ul, pp,ulk, ph) € V,, satisfying
ul - v =0 on faces in Ty N OQp,
uZ = 0 at vertices in I'y N 0N,

ul - v =ug on faces in T'g,

and furthermore,

prcidiv ulk div vi — w2/ prul - vih — wQ/ (pI — ppA) uly - Vi +
Qp Qp (N
[ AMID)]: DER) + [ div ((A+ BT - on)wh) ph + [ ephdi+
Qa Qa Qa
1
/Q Agrad pt - grad @i + /Q div ((A + B — qﬁI)uZ) qr =
A

A PFW?
[ Pk =viom) (50)
I

and

[ k(s -n—ugn) =0, (51)
I

for all (Vi qi, Vi, q3) € Vo

6 Matricial description

In the previous Section, a discrete formulation of our source problem has been
established. Now a matrix description is given and, if it is assumed to be well
posed, then we show that it is equivalent to another reduced linear system
whose unknowns are the degrees of freedom of the interface pressure.

Let Ul and V4! denote the column vectors of nodal components of fluid dis-
placement fields uft and vf, in the standard finite element basis associated
with Ry, (Qr), excluding those corresponding to faces on (I'yy U I'x) N 0Qp.
Similarly, let (U}, P) and (V{, Q%) denote the column vectors of nodal com-
ponents of the pair fields (u%, pk) and (v%, ¢%), in the standard finite element
basis associated with My, (Qa) x Ly, (Q4a), excluding those corresponding to

15



vertices in Ty N 0Ny for UL and V. Lastly, let us call P4 and Q% the vectors
of nodal components of the interface pressure fields pft and ¢ft, in the space of
finite elements C,, (I'y).

Then the discretization problem can be written in matrix form as

RF — W2MF 0 0 —DF UI? Bh
0 Rya —w?M, c* D Uh 0
A A A Al _ (52>
0 C w_QRp,A +M,n O Pﬁ 0
— D} Dx 0 0 Pk 0
where

(V8 RpU = /Q pecidiv u div v8,
F

(VA) Rually = || A"[D(})] = DIFR),

* 1 -
(QR) Ry Py = /Q pfFAgrad Pl - grad gk,
A

(V) MU = [ pru - 9,

F
(V) MuaU = [ (oL = prA)us - 94,
A
Q4 MyaPh = [ aphdh,
A
(@ cuk= |
Qa

(Vi) DePt = [ gt m.
I

(VY DaPE = [ phv4 - m,
1

div (A + B" — ¢D)ul) 24,

and the right hand side B" comes from boundary data ug. Rp and My are
the standard stiffness and mass matrices of the fluid, while R, s, M, o and
R, A, M, A are the corresponding ones for the porous medium in the case of
displacement and pressure, respectively. Notice that every matrix depending
on fluid fields is highly sparse because only a maximum of seven entries per
row can be different from zero (this corresponds to the number of faces of two
adjacent tetrahedra).

Now, we are going to choose w such that it is not an eigenvalue of the discrete
problem. Specifically, we assume that the entire matrix of linear system (52)
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and matrices Ry — w?> My and

Ry a —w?M, C*
Ka=| % A (53)
C u}72Rp,A + M}LA

are non-singular. On the other hand, we notice that matrix w 2R, A + M, 5 is
clearly positive definite and hence non-singular.

In order to improve resolution of linear system (52), we are going to take into
account the non-singularity of diagonal matrices. Firstly, we can rewrite this
system as

(Rp — w?My)Ul — Dp Pl = B, (54)

(Rya — WM, AU+ C*PY + DyPL =0, (55)
CUY + (w?Rya + M, )Pl =0, (56)

—DrUE + DRUY = 0. (57)

Since matrix Ry — w?Mp is non-singular, because of the choice of frequency
w, and w2R, o + M, A is positive definite, we can obtain from (54) and (56)

Ul = (Rp — w?*Mg) ' (B" + D PP, (58)

Py =—(wRya + M,A) 'CUL. (59)

If we take into account that K is non-singular and w™2R,, o + M, 4 is positive

definite, we can conclude that matrix R, —w?M, o —C*(w 2Ry s+ M, )" 'C
is also non-singular. Then, it results from (55) and (59) that

UX = _(Ru,A - W2Mu,A - C" (w_2Rp7A + Mp,A)_IC)_lDAPI?‘ (60)

Collecting equations (58) and (60), we can write a simple linear system from
(57) where the unique unknown is nodal interface pressure vector Pf, namely,

{Di(Rua — WMy a = C*(w 2Ry + M, ) ~'C) "' Dy
+Dy(Ry — w*Myg) "' Dy} Pt = Di(Ry — w*My) ' B",

where the involved matrix is non-singular because this system is equivalent to
the full system (52) which has unique solution.

7 Numerical solution of cell problems

In this section we solve the cell problems allowing us to obtain values of the
macroscopic coefficients for the poroelastic model considered in this paper.
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More precisely, we are going to solve problems (10), (11) and (18) for cell
shown in Fig. 4. This is a first step to determine coefficients A”, BH, A and
¢ appearing in the poroelastic model (15)-(16).

We use a finite element method to solve these boundary-value problems. More
precisely, we employ continuous piecewise linear finite elements on tetrahedral
meshes to approximate w”, w® and ¢’. These meshes can be seen in Fig. 4.
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Fig. 4. Meshes of the fluid and solid part of the unit cell (Y and Y, respectively)

We assume that the solid part of the poroelastic material is glasswool of type
R, with the following properties:

Young modulus 8.7 x 10" N/m”

Poisson coefficient 0.15

Density 2500 kg/ m”

Assuming that the poroelastic material is completely saturated by air, we

have obtained the following macroscopic coefficients for generalized Biot model
(15)-(16):

0.7576  0.3222E-4 0.8560E-4
A=1 0.8526E-4 0.7581  0.8646E-4
0.5362E-4 0.2928E-4  0.7573

¢ = -0.4955E-11,
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-0.2050
-0.1385E-3
-0.5167E-3

AP = 10" x

where

Mll =

M12 =

M22 =

0.1589
-0.3337E-4
-0.8505E-4

-0.1057E-4
0.1813E-1
-0.5855E-4

0.1115E-5
-0.1254E-4
0.1834E-1

0.1190E-1
-0.1144E-3
0.2185E-3

0.1190E-5
0.4927E-4
-0.1044E-3

0.1212E-1
0.5964E-2
-0.1349E-3

-0.1385E-3
-0.2061
0.4572E-3

Mll
M12
M13

M12
M22
M23

-0.3337E-4
0.1195E-1
-0.1311E-3

0.1813E-1
-0.2185E-4
-0.1051E-5

-0.1254E-4
0.8837E-6
0.1045E-5

-0.1144E-3
0.1586
0.7522E-5

0.4927E-4
-0.1069E-5
0.1851E-1

0.5964E-2
0.1203E-1
-0.2908E-3

-0.5167E-3
0.4572E-3
-0.2047

-0.8505E-4
-0.1311E-3
0.1213E-1

-0.5855E-4
-0.1051E-5
0.2270E-4

0.1834E-1
0.1045E-5
0.4812E-5

0.2185E-3
0.7522E-5
0.1204E-1

-0.1044E-3
0.1851E-1
-0.1966E-5

-0.1349E-3
-0.2908E-3
0.1584

Moreover, porosity of the porous sample is ¢ = 0.648.

Finally, by progressive refinement of meshes one can see that matrices of
macroscopic parameters A and B tend to isotropic matrices. Similarly, tensor
A has the same structure as elasticity tensor for isotropic elastic materials.
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Thus, due to the symmetry properties of the cell, macroscopic behavior of the
studied porous medium is isotropic.

8 Numerical results

In this Section we present some numerical results obtained with a computer
code developed by us which implements the numerical methods proposed in
this paper. This code allows us to compute the response diagram of the en-
closure shown in Fig. 1, consisting of a fluid and a poroelastic medium.

In order to validate our method, we are going to build a simple example
which can be reduced to an one-dimensional problem and then solved exactly.
We recall that equations satisfied by pressure and displacement fields in the
poroelastic media are

w? (pI — ppA)up + div (AH[D(uA)D + <A~|— BT — ¢I> grad pp = 0 in Q4
—w?epa + pl div(Agrad pa) = wdiv ((A + BH — (bI) uA) in Q4.
F

If we assume that every linear operator is a multiple of identity operator, we
can find a solution (ua,pa) of the form

uA('Tv Y, Z) = uA(Z)e3,

pa(z,y,2) = pa(2),

and rewrite the above three-dimensional problem as an one-dimensional prob-
lem, namely,
w? (p — pra) up + su + (a+b—¢)py =0in (0,ay),
A a .
—wpa + ;p& =w?(a+b—¢)u) in (0,a),
F
where the prime denotes derivative with respect to z and we have supposed

that A7 [D(ua)]es = su\es, A= al, BY = bl. After some algebraic manipu-
lations, we obtain

a o (a+b—0)2 alp—pra w?(p — pra)é
—— /A”/+ (C—( ¢) . (/32 PF ))p/{g_{_ (p PF ) pAZO,
w?pp s w2spp s

_ S o a ///+ A_<a+b_¢)2 /
AT 2 b—9)p—pra) \_ wpr AT \C s Pa)

Let us assume a similar assumption for fluid displacement and interface pres-
sure, i.e., up(z,y,2) = up(z)es and pp(z,y, 2) = pr(z). We also suppose that
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Qp = (0,0) x (0,d) x (—ap,0) and Qx = (0,b) x (0,d) x (0,aa). Then the
coupled fluid-poroelastic problem can be written as

— W’ ppup + pp =0, (61)
PP = —prciug, (62)
o p/A/// +(e— (& +b— ¢)2 _ Cl(p — pFa) px + w2(p — pFa)épA =0,

w?pp S w2spp s
(63)

S a 1" A (CL +b— (;5)2 /
= - + - I 64
UA (,L)2(CL + h— ¢) (p - pFa> < (,L)2prA (C s Pa ( )
—pr(0) = s (0) + (a+ b — ¢) pa(0), (65)
urp(0) = ua(0), (66)
UF(—CLF = 07 (67)
uA<aA) =0, (68>
apiy(ax) =0, (69)
apy (0) = 0, (70)
UF(—CLF = U (71)
The general solution of ordinary differential system (61)-(63) is

up(2) = Cre ™% 4 Coe™®* 2 € (—ap,0), (72)

pA(Z) _ Cge—ikA,lz + C4eik’A,1z + C5€—ik’A,zz + CGQikA’QZ, = (0’ CZA), (73)

where kp = © and {ka1, —ka1, ka2, —ka2} are the four roots of polynomial

equation

bh— 2 _ 2 - ~
W*pr S WSPpR S

If we take into account boundary and interface conditions (65)-(71) and ex-
pressions (72) and (73), amplitudes C};, 1 < j < 6 can be calculated by solving
a linear system of equations.

We have considered that fluid is air with pp = 1.225 kg/ m” and ¢ = 343 m/s,
whereas properties of the porous material are summarized in s = 9.18633 x
1010N/m2, ¢ =0.95, a = 0.67857, b= —0.05, ¢ = —6.59172 x 10~ 5ms? /kg and
p = 1.26163 x 102 kg/m3. With respect to dimensions of the enclosure, length
and width are 1 m while height is 1 m for the first layer of free fluid and 1 m
for the second layer of porous material whereas the normal displacement on
I'g is ug = 60.

We have computed the solution to this problem with three different uniform

meshes, named mesh 1, mesh 2 and mesh 3 of 2548, 8140 and 18788 de-
grees of freedom, respectively. In Fig. 5, we show the L?-norm of the relative
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Fig. 5. Curves of convergence for fluid and porous fields.

errors for fluid displacement, Hu{é - uFHOQ / lugllgq,, porous displacement,
meR ’

Hug - UAHOQA / lluallq,, porous pressure, prg —pA‘ 0.0 /Ipallgq,, and in-

‘p{% _pFHO,QF /IPrllg.0,, against mesh-size, h. As it can be

terface pressure,

seen, convergence of order 2 is achieved for poroelastic fields and interface
pressure. In addition, convergence of order 1 is achieved for fluid displace-
ment.

As a real life test, we are going to compute the solution of the coupled problem
using the data obtained in the previous Section by solving cell problems. Fig.
6 shows the response curves for enclosure in Fig. 1, when solved with mesh 1
having 2548 degrees of freedom. In this curve the logarithm of “energy”,

1 . _
logy, (2/ prc?|div ug|? +/ AP[D(up)] : D(tia)+
Qp Qa
div ((A+ BY — ¢T)yus) p ) ,
/QA iv (A + ¢T)un) pa
is plotted for angular frequencies w ranging from 50 to 2000 rad/s. Several

response peaks can be observed in this curve. In fact, response peaks of the

curve shows the resonance frequencies for the coupled system shown in Fig.
1.
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9 Conclusions

We have considered a mathematical model for acoustic propagation in pe-
riodic non-dissipative porous media with elastic solid frame and open pore.
Parameters of this model have been computed by solving some partial differ-
ential equations in the unit cell obtained by homogenization methods. Then a
three-dimensional finite element method has been proposed and implemented
for numerical solution of the coupling between a fluid and the above porous
medium. In order to validate the proposed methodology and to assess conver-
gence properties, the computer code has been used for a test example having
analytical solution. Then, as an application, we have computed the response
curve for an enclosure containing air and a layer of porous material.
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