Asymptotic thin films. Viscoelastic models.
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The purpose of this work is to provide a rigourous justification of the validity of a model of a thin
film flow for viscoelastic fluids described by a law of the Oldroyd type.

In many mechanical works, the authors obtained in a heuristic way various models of viscoelastic
fluids in thin films, for the generalized Maxwell model [4] or for Phan Thien-Tanner laws [1]. In
this work, a mathematical approach is developed for the Oldroyd-B model.

Viscoelastic fluids are non-newtonian fluids whose constitutive equation (relation between the stress
tensor and the shearing rate) is a differential law. By coupling this law with the Navier-Stokes
equations, one obtains the following macroscopic model:

U+U-VU —n(l —r)AU + Vp —dive =0,

divU =0,

X(Owo+U-Vo+g(VU,0))+ 0 =2rnD(U).
This model couples equations on the velocity U of the fluid, its pressure p and the stress tensor o.
The existence of a global solution to this problem has been proved in [3].
Supposing the domain to be thin (one dimension is small with respect to the two others), it was

shown in [2] that one obtains formally a system coupling only the velocity U* = (u*,w*) € R? x R
and the pressure p*, for which it is possible to show the existence of a weak solution:

—n(1 —r)0iu* — 86" 4+ Vup* =0, with 3% = %7
9:p" =0,
divyu* + d,w* = 0.
We will show the convergence of the first system towards this limit system by writing an asymptotic

expansion for each unknown. Under a realistic assumption on the parameters of the system, one can
prove the convergence of the asymptotic expansions thanks to energy estimates on the remainders.

References

[1] F. TALAYy AkvyiLpiz, H. BELLOUT, Viscoelastic lubrication with Phan-Thein-Tanner fluid
(PTT), ASME J. Tribol., 126, 288-291, 2004.

[2] G. Bayapa, L. CHUPIN, S. MARTIN, Viscoelastic fluids in a thin domain, to be published in
Quart. of Appl. Math.

[3] P.L. Lions, N. MasMouDpl1, Global solutions for some Oldroyd models of non-Newtonian
flows, Chinese Ann. Math. Ser. B, 21, 2, 131-146, 2006.

[4] J. TicHY, Non-Newtonian lubrication with the convected Mazwell model, ASME J. Tribol.,
118, 344-349, 1996.



